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ABSTRACT
Soft Gluon Effects on Electroweak Boson Production in Hadron Collisions
By
Csaba Bala´zs
Departures from the Standard Model (SM) are expected to emerge at colliders,
especially in the best understood precision electroweak (EW) experiments, and in
order to isolate signals of new physics we must predict them and their backgrounds
precisely. In the foreseeable future the two highest energy colliders operating will be
the upgraded Fermilab Tevatron and the CERN Large Hadron Collider (LHC), both
hadron-hadron machines. In hadronic collisions corrections from Quantum Chro-
modynamics (QCD) tend to become large, and the sizable effects of the multiple
soft–gluon emission has to be included in the theoretical description. This is achieved
by the resummation of the large logarithmic contributions due to the gluon radiation.
In this work, extending the Collins–Soper–Sterman (CSS) resummation formalism in
a renormalization group invariant manner, a uniform description of soft–gluon phe-
nomena is presented in a wide variety of hadronic initiated EW processes, ranging
from Drell–Yan type lepton–pair production through the single or pair production of
colorless vector bosons (including the standard, or the vector bosons of the extended,
unified gauge theories) to Higgs boson production.
One of the outstanding open questions of the SM, which initiates new physics,
is the underlying dynamics of the EW symmetry breaking (SB). It is common to
assume the existence of (pseudo-) scalar bosons, either elementary or composite,
associated with the EWSB, and the search for the(se) Higgs boson(s) has the highest
priorities at the next generation of colliders. A SM like Higgs boson with a mass
less than or about the top quark mass can be detected at the upgraded Tevatron via
pp¯ → W±(→ ℓ±ν) H(→ bb¯, τ+τ−)X, or pp¯(gg) → H(→ W ∗W ∗ → ℓνjj and ℓνℓν)
X. Even before its detection the Tevatron is able constrain the mass of the SM Higgs
boson through the measurement of the top quark and W± boson masses. The latter
requires not only the detailed knowledge of the leptonic distributions fromW± decay,
but also the same for the Z0 bosons. In this work the resummed distributions are
given and compared to the next-to-leading-order predictions in detail. At the LHC
the extraction of the Higgs signal will also be challenging, and the precise knowledge of
the transverse momentum distributions of the Higgs decay products will be vital. To
this end, the resummed calculation of the Higgs boson background for the gold-plated
pp(gg)→ H0X → Z0Z0 and γγ modes is also presented.
It was recently proposed that, due to enhanced Yukawa coupling, the s-channel
(pseudo-) scalar production via heavy quark–anti-quark annihilation can be an im-
portant new mechanism for discovering non-standard charged (and some neutral)
scalar particles at hadron colliders. To improve the theoretical prediction for the
signal rates and distributions, the complete O(αs) QCD corrections to this s-channel
production process are calculated for hadron collisions. In particular, the systematic
QCD-improved production and decay rates of the charged top-pions of the topcolor
models, and the charged Higgses of the generic two-Higgs doublet models are com-
puted. The physics potential of the Tevatron and the LHC for probing charged
s-channel resonance via the single-top production is analyzed. The extension to the
s-channel production of the neutral (pseudo-) scalars (such as in the Minimal Super-
symmetric Model with large tanβ and the topcolor models) from the bb¯-annihilation
is briefly discussed.
Higgs boson production associated with bottom quarks, pp¯/pp → φ0bb¯ → bb¯bb¯,
at the Tevatron and the LHC was also studied. It was found that strong, model-
independent constraints can be obtained on the size of the φ0-b-b¯ coupling for a wide
range of Higgs boson masses. Based on these constraints it was showed that the small
mass of the bottom quark makes it an effective probe of new physics in Higgs and
top sectors of several different theories reaching beyond the SM. The implications
for supersymmetric models with large tan β were studied. We concluded that the
Tevatron and the LHC can impose stringent bounds on these models, if the φ0 → bb¯
signal is not found.
The QCD fixed order, and resummed corrections were implemented in the Monte
Carlo event generator, called ResBos. Matching the regions described best by the
resummed and fixed order calculations, ResBos predicts the kinematic distributions
(including the transverse momentum distribution) of the electroweak bosons (and
their decay products when applicable) in the whole kinematic range. ResBos is cur-
rently used by both the CDF and DØ collaborations at the analysis of various distri-
butions of W±’s, Z’s and photons and their decay products (e.g. in the asymmetry
in the rapidity distribution of charged leptons from W± decay, which constrains the
error of the W± mass; or in the lepton transverse momentum distribution from W±
decay which is essential at the extraction of the W± mass). Both collider and fixed
target experiments at the Tevatron use ResBos in the analysis of their diphoton data.
ResBos is also utilized by the LHC detector collaborations, ATLAS and CMS, in the
study of the Higgs boson signal and its backgrounds.
.To the Unknown Graduate Student, who is doing research by its definition:
being lost and learning the way as proceeding.
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Chapter 1
Introduction
1.1 The Standard Model of Elementary Particles
The Standard Model (SM) [2] of particle physics is the refined essence of our wisdom
of the microscopic world. It embodies most of our knowledge about the smallest
constituents of our universe. It unifies three of the four, known fundamental forces:
the electromagnetic, weak and strong interactions, within a compact, economic frame-
work. It describes a wide range of the observed physical phenomena, most everything1
other than gravity. Its validity is tested daily by numerous experiments with a preci-
sion of many decimal points [3]. Since it is the underlying theoretical structure of our
work, in this Section we highlight some of the most important features of the SM.
From the mathematical standpoint the SM is a relativistic, local, non-Abelian
quantum field theory (QFT) [4, 5]. The framework of the theory is based on the
following physical assumptions [6]:
– space-time symmetry: the theory respects Poincare invariance,
– point-particles: the elementary particles are point-like in space-time,
– locality: local (point-like) interactions, i.e. no actions at a distance,
1The simplest component of the SM, Quantum Electrodynamics alone describes ”all of chemistry,
and most of physics” as P.A.M. Dirac put it [1].
1
2– causality: commutativity of space-like separated observables,
– unitarity: quantum mechanical evolution conserving probability, and
– renormalizability: predictions of the theory to be free of infinities.
The above principles constrain the theory quite uniquely and grant the SM substantial
predicting power. Theories which surpass the SM either discard one of these assump-
tions (string theory [7], non-local QFT’s [8], effective field theories [9], theories of
gravity [10]), and/or try to improve on them (supersymmetry [11], supergravity [12]).
Field theories are customarily expressed within the Lagrangian formalism [13], in
which a single central quantity, the action density, or Lagrangian, embodies all the
dynamical information about the physical system. The Lagrangian is constructed
from quantum fields which represent the fundamental particle types. In the SM
the different types of particles fall into two categories. The fermions, which are
the building blocks of matter, and the bosons which are the force mediators. The
fermions of the SM are further split into two branches: leptons and quarks. The
former participating only in the electroweak interaction, while the latter also engaged
by the strong force.
The essence of the SM is in its forces, that is, in the interactions between the
elementary fields. This, in short, is called the dynamics. The dynamics of the SM is
dictated by symmetries [14], transformations of the Lagrangian which leave it invari-
ant. One of the central results of the field theories, Noether’s theorem [15], connects
symmetries with conserved physical quantities. This result enables us to relate the
mathematical description with the observed reality, uncovering the symmetries of Na-
ture through its invariants. Among the symmetries of the SM, the most important
ones are the space-time dependent, or local, so called: gauge symmetries.
Symmetry transformations form groups [16, 17], and symmetries are usually re-
3ferred to by their group. The symmetry of the SM is given by its semi-simple group:
SO(3, 1)× SU(3)C × SU(2)L×U(1)Y . Here SO(3, 1) represents the Poincare invari-
ance and the rest the gauge symmetries. The Poincare group is usually implicit, it
is understood that the SM to be Lorentz invariant. The structure of the Lagrangian
respecting the above symmetry is discussed in the following subsections.
1.1.1 Electroweak Interactions
The electroweak (EW) sector of the SM is invariant under the transformations of the
gauge group: SU(2)L×U(1)Y [18, 19]. Its unbroken subgroup (cf. Section 1.1.3), the
U(1)EM group, emerged historically in Quantum Electrodynamics (QED) [20], where
it represented the conservation of the electric charge. Similarly, the U(1)Y symmetry
of the SM, had remained unbroken, would conserve the hypercharge Y . The SU(2)
group also appeared empirically in the theory of the weak interactions [21], originally
describing a fermionic flavor symmetry. The invariants of the SU(2)L group are the
square, T 2, and the third component, T3, of the weak isospin generator. These group
invariants are connected by the Gell-Mann–Nishijima relation:
Q = T3 +
Y
2
,
where Q is the electric charge.
The fermions of the SM are manifested by the fundamental representation of
the SU(2)L × U(1)Y gauge group. The left handed components of the fermions
are assumed to transform as doublets, and the right handed ones as singlets under
SU(2)L. This is signified in the following notation:
ψL =
ϕ
(+1/2)
L
ϕ
(−1/2)
L
 , ψR = ϕ(0)R .
4Fermion Q T3 Y
νeL 0
1
2
−1
eL −1 −12 −1
uL
2
3
1
2
1
3
dL −13 −12 13
eR −1 0 −2
uR
2
3
0 4
3
dR −13 0 −23
Table 1.1: Electroweak quantum numbers of the first family of fermions.
Here
ϕL =
1− γ5
2
ϕ and ϕR =
1 + γ5
2
ϕ
represent the left and right handed components of the fermion spinors ϕ, with γ5 =
iγ0γ1γ2γ3 in four space-time dimensions, and the Dirac matrices, γ
µ, defined by their
anti-commutation relation:
{γµ, γν} = 2gµν ,
with gµν being the space-time metric tensor2. The weak isospin eigenvalues, 0 and
±1/2, show the transformation property of the given fermion field under SU(2)L. In
the first family ϕ
(+1/2)
L = ν
e
L, uL, ϕ
(−1/2)
L = eL, dL, and ϕ
(0)
R = eR, uR, dR, where ν
e and
e− are the leptons, and u and d are the quarks. Table 1.1 shows the most important
quantum numbers of the first family members. In the SM the neutrinos are massless,
which means that ϕ
(0)
R = νR is decoupled from the theory. This pattern is repeated
in the second and third families of the leptons and quarks, where e is replaced by µ
and τ , and u, d by c, s and t, b respectively.
2Throughout this work we use the gµν = diag(1,−1,−1,−1) metric, because with this choice the
square of physical momenta are non-negative.
5Since fermions are assigned to the fundamental representation of the gauge group,
their infinitesimal gauge transformation properties are:
δψL,R =
(
ig Tjθj(x) + ig′Y
2
θ(x)
)
ψL,R.
Here g and g′ are the gauge couplings, Tj and Y are the generators of SU(2)L and
U(1)Y , respectively, θj(x) and θ(x) are space-time dependent transformation param-
eters, and j = 1, 2, 3 is an isospin index. Since SU(2)L and U(1)Y are Lie groups [17],
the generators are defined by the Lie algebra of the SU(2)L × U(1)Y group, through
their commutators
[Ti, Tj] = iǫ
ijkTk,
[Ti, Y ] = 0 for any i.
The fully anti-symmetric unit tensor ǫijk gives the structure constants of the SU(2)L
group (ǫ123 = 1). The generators can be represented by two the dimensional Pauli
matrices: Ti = σi/2.
Invariance requirement under the gauge and Poincare groups, and renormalizabil-
ity constrain the fermionic part of the Lagrangian to:
LF = ψfLγµiDLµψfL + ψfRγµiDRµψfR.
Implicit summation is implied over the double fermion family indices f , as well as
the double Lorentz indices µ. The gauge-covariant derivatives are given by
DLµ = ∂µ − ig TiW iµ − ig′
Y
2
Bµ,
DRµ = ∂µ − ig′QBµ.
The gauge bosons W i and B appear as the consequence of the gauge invariance
requirement, which also fixes their transformation properties:
δW iµ = ∂µθ
i(x)− g ǫijkθj(x)W kµ ,
δBµ = ∂µθ(x).
6From the above we can infer that the gauge bosons belong to the adjoint represen-
tation of the gauge group. The kinetic term of the gauge bosons is written in the
form
LV = −1
4
BµνB
µν − 1
4
W iµνW
iµν ,
where the field strength tensors defined as
W iµν = ∂µW
i
ν − ∂νW iµ + g ǫijkW jµW kν ,
Bµν = ∂µBν − ∂νBµ.
The Yang-Mills [22] nature of the electroweak gauge fields is reflected in the fact that
LV contains the self-interactions of the gauge bosons, due to the third term of the
tensor W iµν . This terms is required by invariance under the SU(2)L, a non-Abelian
transformation group.
The W iµ and Bµ fields are the, so called, electroweak (or interaction) eigenstates of
the gauge bosons. Their physical counterparts, the W±, Z0 particles and the photon
(A0), given by the following transformations:
W±µ =
W 1µ ∓ iW 2µ√
2
,
Z0µ = cos θwW
3
µ − sin θw Bµ,
A0µ = sin θwW
3
µ + cos θw Bµ, (1.1)
where θw is the weak mixing angle, and
sin θw =
g′√
g2 + g′2 .
After expressing the Lagrangian in terms of the physical fields, we also find that the
charged fermions couple to the photon field by Qfe, where
e = g sin θw,
7which is the strength of the electromagnetic interactions.
It is remarkable that the gauge and Poincare symmetries, together with the
requirement of the renormalizability fully constrain the interactions between the
fermions and the gauge bosons and leave only two independent free parameters in
the electroweak sector. They are the group couplings g and g′.
1.1.2 Strong Interactions
The strong interacting sector of the SM is called Quantum Chromodynamics, QCD
in short. QCD was developed along the lines of QED, except from the beginning it
was clear that the gauge group must be more involved. The SU(3) symmetry was
originally proposed to describe nuclear interactions as a flavor symmetry, and was
only later identified as a gauge (color) symmetry [23].
It is straightforward to extend the gauge symmetry of the electroweak sector of
the SM Lagrangian to include the SU(3)C sector by requiring that the quarks are
SU(3)C triplets transforming as:
δψL,R =
(
igstaθa(x) + ig Tiθi(x) + ig′Y
2
θ(x)
)
ψL,R.
Above, gs is the gauge coupling and ta are the generators of the SU(3)C group, θa(x)
are the gauge transformation parameters, and a = 1, ..., 8 is a color index. The
SU(3)C generators satisfy the algebra:
[ta, tb] = if
abctc,
and commute with the electroweak generators. The structure constants of the SU(3)C
are denoted by fabc. The three dimensional representation of the generators are the
Gell-Mann matrices: ta = λi/2.
8Just like in the EW case, gauge and Poincare invariances and renormalizability
constrain the covariant derivatives of the quarks:
DLµ = ∂µ − igstaGaµ − ig TiW iµ − ig′
Y
2
Bµ,
DRµ = ∂µ − igstaGaµ − ig′QBµ. (1.2)
The introduction of the gluon field Gaµ is the necessity of the gauge invariance. It
is assigned to the adjoint representation of the SU(3)C group, and under the group
transformations it transforms like
δGaµ = ∂µθ
a(x)− gsfabcθb(x)Gcµ.
The kinetic term of the Lagrangian is
LG = −1
4
GaµνG
µν
a ,
with the field strength tensor
Gaµν = ∂µG
a
ν − ∂νGaµ + gsfabcGbµGcν .
The strong interactions also have self interacting gauge bosons due to the non-Abelian
nature of the symmetry group SU(3)C .
QCD introduces only one additional parameter into the SM: gs, the gauge coupling
strength between quarks and gluons. In principle it is possible to introduce another, so
called θ term, into the QCD Lagrangian which satisfy all the symmetry requirements:
Lθ = g
2
s
64π2
θǫκλµνGaκλG
a
µν ,
where ǫκλµν is the fully antisymmetric unit tensor. This term violates P and CP
conservation, where P stands for the parity and C for the charge conjugation discrete
transformation. From the measurement of the electric dipole moment of the neutron
one concludes that the θ parameter must be very small (θ < 10−9). This term has no
significance for this work, therefore we simply ignore it.
91.1.3 The Higgs Mechanism
In the above discussion of the EW and QCD interactions all the fields, representing
different types of fundamental particles, are massless. Since fermion mass terms de-
scribe transitions between left- and right- handed chirality states, and the different
handed fermions have different transformation properties under SU(2)L the simplest
fermion mass terms are forbidden by the SM gauge group. Gauge boson masses are
not allowed either, since even in the simplest gauge group U(1) a term like m2BBµB
µ
breaks the gauge symmetry. This seemed to conflict the observation that the weak
interactions are very short ranged, which originally hinted the existence of massive
mediators [24]. To resolve this problem, the spontaneous breaking of the gauge sym-
metry was proposed [25]. The essence is that while the Lagrangian can be kept
invariant under the SU(2)L × U(1)Y transformations, one can break the symmetry
of the vacuum, a result of which the gauge bosons can be rendered massive. This
maneuver is called the Higgs mechanism. The spontaneous symmetry breaking (SSB)
is implemented in the SM by the introduction of an elementary scalar which has a
non-vanishing vacuum expectation value (vev) [18]. As an added bonus the same
mechanism offers a possibility to generate the fermion masses [26].
The idea of the Higgs mechanism is based on the Goldstone theorem [27]. In
order to achieve the symmetry breaking, customarily, a SU(2)L doublet, complex
scalar field is introduced:
Φ =

iϕ+
v +H − iϕ0√
2
 .
The Nambu-Goldstone fields ϕ± and ϕ0 are non-physical since their degrees of freedom
will be absorbed by the W± and Z0 gauge bosons as longitudinal polarizations. The
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physical Higgs field H has the following electroweak quantum numbers:
Q T3 Y
0 −1
2
1
It is assumed that the vev of the Φ field is
〈Φ〉 = 1√
2
(
0
v
)
,
where v is a real parameter. This implies that the vev’s of the SU(2)L, and U(1)Y
generators, and the charge operator acting on the Φ field are:
〈Ti Φ〉 = σi
2
〈Φ〉 6= 0, 〈Y Φ〉 = v√
2
6= 0, 〈Q Φ〉 =
〈(
T3 +
Y
2
)
Φ
〉
= 0,
where σi are the Pauli matrices. Namely, SU(2)L × U(1)Y is broken by the Higgs
vacuum but the electromagnetic symmetry U(1)EM is intact.
In order to show that simultaneously with the breaking of SU(2)L and U(1)Y , the
gauge bosons will acquire a mass, the Lagrangian of the scalar sector is written in an
SU(2)L × U(1)Y invariant form:
LH = (DµΦ)† (DµΦ)− λ
(
Φ†Φ− v
2
2
)2
,
where Dµ = DµL of Eq.(1.2). The quadratic terms for the gauge bosons emerge from
the first term. After diagonalizing the bosonic mass matrices and using Eq. (1.1) we
arrive at the mass relations:
mW =
gv
2
, mZ =
√
g2 + g′2 v
2
, mH = v
√
2λ,
and mA = 0, as expected.
Fermion masses can be generated trough Yukawa interaction terms between the
fermions and the Φ field. Utilizing that the scalar field is an SU(2)L doublet, the
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fermion Yukawa terms (shown here only for the first generation of fermions) can be
written in a gauge invariant form:
LY = −λu(uL dL) Φ˜ uR − λd(uL dL) Φ dR − λe(νeL eL) Φ eR + hermitian conjugate,
where Φ˜ = 2iT2Φ
∗ is the charge conjugate of Φ, and we assumed that neutrinos
are massless. Yukawa mass terms induce the possibility of physically observable
mixing between fermions, and there is empirical evidence that the fermions of different
families mix. This mixing can be represented as follows. The electroweak (gauge)
eigenstates are expressed in terms of the mass eigenstates through a unitary rotation
as uLcL
tL
 = UuL
uLcL
tL
 ,
 dLsL
bL
 = UdL
dLsL
bL
 , etc,
where we denote the spinors of the mass eigenstates by bold letters. After the diago-
nalization of the fermion mass matrices the mixing among the leptons (assuming zero
neutrino masses) or the right handed quarks can be absorbed into the definition of the
fields. After redefining the left-handed up type quarks such that their mass matrix is
diagonal, the remaining effect can be described by the Cabibbo–Kobayashi–Maskawa
(CKM) weak mixing matrix [28], V = Uu†L U
d
L, relating the mass and electroweak
eigenstates of the left handed down type quarks as (q
(−1/2)
L mass)f = Vff ′ (q
(−1/2)
L )f ′ . The
indices f, f ′ = 1, 2, 3 run over the three families.
The free parameters associated with the spontaneous symmetry breaking are the
Higgs boson mass mH , and the vev v. Besides, the Yukawa couplings λflavor are not
restricted by the symmetries of the SM, so none of the fermion masses are predicted,
which increases the number of the free parameters by 9. After the re-phasing of the
quark fields 3 independent angles and a phase parametrizes the unitary CKM matrix.
In total, there are 19 free parameters in the SM, including the QCD θ parameter.
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While the gauge sector of the SM is well established, the symmetry breaking mech-
anism is awaiting confirmation from the experiments. The Higgs boson, up to date,
is a hypothetical particle, and the Higgs potential has hardly any experimental con-
straints [29]. There are also alternative formulations of the spontaneous symmetry
breaking which avoid the introduction of an elementary scalar [30].
1.2 The Quantum Nature of Gauge Fields
The detailed description of the quantization process of gauge fields is laid out in
many textbooks [4, 5]. Here we only highlight those results which are necessary for
the understanding the rest of this work. Because we want to focus on the partial
summation of the perturbative series, to introduce the basic definitions and to set
up a simple example, in this Section first we examine the strong coupling constant,
as the running coupling between quantum fields. Then we explain the basic ideas
of factorization which connects the hadronic level cross sections to the parton cross
sections which are calculable from the SM Lagrangian.
1.2.1 Renormalization
In the pioneering days of QED it became evident that beyond the lowest order cal-
culations individual terms appear to contain infinities. Ultraviolet (UV) singularities
arise because of the local nature of the field theory, combined with the assumption
that the theory is valid at all energy scales. When particle loops are shrunk to a
single space-time point, that is the momentum of the particle in the loop is taken to
be infinity, the corresponding integral in the Feynman rules is divergent. Similarly,
when a massless particle, e.g. a photon or a gluon, forms a loop and its momentum
vanishes, the Feynman integral over the loop momentum is singular. This latter is a
type of the infrared (IR) singularities.
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In a field theory we encounter two typical attributes when calculating physical ob-
servables using the method of the perturbative expansion. The first is the systematic
redefinition of the parameters of the theory, order by order in the perturbation series.
This feature is the consequence of the perturbative method, and already present in
quantum mechanics. The second property, specific to field theories, are the appear-
ance of the infinities. These two features are connected in renormalization, when the
redefinition of the parameters is tied to the removal of the infinities. Renormalization
is only possible if the infinities are universal, which is the remarkable case in the SM.
In order to execute the renormalization procedure in a quantum field theory, first
we have to regularize its infinities. There were several regularization methods pro-
posed in the literature [31]. Today the most commonly used regularization method
is dimensional regularization [32] , which preserves the symmetries of the SM La-
grangian, most importantly, the Lorentz and gauge invariances. The idea of dimen-
sional regularization is based on the simple fact that integrals which are singular in a
given number of dimension, can be finite in another. In the framework of the dimen-
sional regularization we assume that the number of dimensions in the loop-integrals
D, i.e. the number of the space-time dimensions, differs from four. We then calculate
all integrals in unspecified dimensions D, where all the results are finite. After the
removal of the singular terms from the results we can safely take the D → 4 limit,
and obtain meaningful physical predictions.
The procedure of relating the measurable parameters to the parameters of the
initial Lagrangian, while systematically removing the UV divergences, by the intro-
duction of suitable counter terms into the Lagrangian order by order in the pertur-
bation theory, is called renormalization [33]. If the counter terms can be absorbed in
the original terms of the Lagrangian by multiplicative redefinition of the couplings
(g), masses (m), gauge fixing parameters (ξ) or the normalization of the fields them-
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selves, then we say that the theory is renormalizable. If an infinite number of counter
terms needed to define all measurables (in all perturbative orders), then the theory
is not renormalizable. Historically, it was the proof of the renormalizability of the
Yang-Mills theories with spontaneous symmetry breaking [34] which opened the door
in front of the SU(2)L × U(1)Y gauge theory toward today’s SM.
After the renormalization procedure the parameters, g, m, ξ, etc., and the fields of
the original, unrenormalized Lagrangian are referred to as bare ones, and the redefined
parameters
gr = Z
−1
g g, mr = Z
−1/2
m m, ξr = Z
−1
ξ ξ, etc.,
and the fields as renormalized ones. There is a finite arbitrariness in the definition
of the singular terms which are removed by renormalization. This is fixed by the
renormalization scheme. Throughout this work we use the MS scheme, unless it is
stated otherwise.
1.2.2 Asymptotic Freedom and Confinement
It is a generic feature of the parameters of a quantum field theory that they exhibit
a dependence on the (energy or distance) scale at which the theory is applied. This
dependence leads to crucial consequences in Yang-Mills theories, for it results in
asymptotic freedom and hints confinement in QCD. In this Section we outline these
features, which play important roles in our resummation calculations.
When calculating a physical quantity beyond the lowest order, we encounter in-
finities. After regularization these infinities can be isolated either in additive or
multiplicative fashion. Taking the QCD coupling constant as an example, we can
write:
g = µ−ǫZg(µ) gr(µ). (1.3)
15
The factor µǫ is introduced to preserve the mass dimension of the 4 dimensional bare
coupling constant g, and ǫ = (4−D)/2. The above equation also reflects that in any
process of regularization we inevitably introduce a scale into the theory. In the case
of dimensional regularization this energy scale is the renormalization scale µ. The
renormalization constant Zg embodies the infinities, while renormalized coupling gr is
finite. Renormalizability of the SM exhibits itself in that Zg is process independent.
The evolution of the renormalized parameter as a function of the renormalization
scale can be described by the transformation
gr(µ) = zg(µ, µ
′) gr(µ′),
where
zg(µ, µ
′) = Z−1g (µ) Zg(µ
′).
These transformations form an Abelian group which is called the renormalization
group (RG).
The trivial requirement that the bare parameters of the Lagrangian are indepen-
dent of the renormalization scale is expressed, for the coupling, as:
dg
dµ
= 0.
This and the relation between the bare and renormalized coupling lead to the differ-
ential equation
µ
dgr(µ)
dµ
= β(gr). (1.4)
This equation is the renormalization group equation (RGE) for the coupling [35].
From the RGE and the relation of the bare and renormalized coupling we deduce the
relation between the β function and the renormalization constant Zg:
β(gr) = −gr
(
ǫ+
µ
Zg(µ)
dZg(µ)
dµ
)
.
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The above equation is the RGE for the renormalization constant Zg and, in general,
it is written as
γg =
µ
Zg(µ)
dZg(µ)
dµ
,
where γg is called the anomalous dimension (of the coupling, in this specific case).
The renormalization constant is calculable order by order in the perturbation theory
by the requirement that the counter terms must cancel the singular terms arising in
the given order. In the lowest non-trivial order in the coupling, for the SU(N) gauge
coupling one finds [5]:
Zg(µ) = 1− g
2
r(µ)
4π2
11N − 4TRNf
24
1
ǫ
+O(g4r).
Here N is the number of dimensions of the fundamental representation, TR is the
normalization of the trace of the SU(N) generators (Tr(tatb) = δabTR), and Nf is
the number of the light fermionic flavors (i.e. mf < µ). With the aid of the last two
equations we can determine the lowest order coefficient in the perturbative expansion
of the β function
β(gr) = −grα
π
β1 − gr
(
α
π
)2
β2 − gr
(
α
π
)3
β3 +O(grα4),
where we introduced the running coupling α(µ) = g2r(µ)/(4π), in the fashion of the
QED fine structure constant. The lowest order coefficient is identified to be:
β1 =
11N − 4TRNf
12
.
The higher coefficients, β2 and β3, in the expansion of the β(gr) function were also
calculated [36].
By solving the RGE, using the lowest order truncation of the β function, the
running coupling can be expressed in terms of β1
α(µ) =
α0
1 +
α0
π
β1 ln
µ2
µ20
,
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where α0 and µ0 are boundary value parameters. It is customary to introduce a single
parameter
Λ = µ0e
−π/(2β1α0),
and to write
α(µ) =
π
β1 ln
µ2
Λ2
.
Equation (1.4) and its solution for the coupling has a striking physical meaning:
the coupling depends on the energy scale of the interaction. From the solution we
immediately see that as the scale µ increases the coupling strength decreases:
lim
µ→∞α(µ) = 0.
This is the phenomenon of asymptotic freedom, a necessity of a Yang-Mills type
interaction. In QCD it means that the higher the energy we probe the quarks at,
the least they interact. Asymptotically they are free at high energies, that is at short
distances. On the other hand, as they separate, or at lower energies, their interaction
becomes strong. This implies that when quarks separate the color field becomes so
strong between them that it will be possible spontaneously create a new quark pair.
This way quarks can never be separated by more that a few femto-meters. They are
confined within hadronic bound states.
In order to determine the coupling constant we have to calculate at least one
physical quantity, e.g. a total scattering cross section, and compare the calculation
with the measurement of the cross section. In practice, the calculation is necessarily
truncated at a certain finite order. For the truncated series to be a good approxima-
tion of the full sum, the expansion variable, the coupling constant, has to be small.
We also want to keep the logarithms of the renormalization scale in the coefficients of
the expansion small. These two conditions constrain the value of the renormalization
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Figure 1.1: Running of the QCD coupling constant αs, for different boundary values
at µ = mZ . The QCD prediction is compared to current experiments. (Reproduced
from Ref. [37].)
scale close to the typical physical scale of the process at hand. Fig. 1.1 shows the
running of the QCD coupling, αs(Q) = g
2
s(Q)/(4π), as the function of the physical
energy scale Q = µ, in the experimentally accessible region for the boundary values
αs(mZ) = 0.118± 0.003. The running, predicted by QCD, is in agreement with the
experiments within the uncertainties. From our argument it is non-trivial that αs(µ)
is a smooth function of the energy, since the value of the coefficient β1 is chang-
ing abruptly as the function of Nf at every quark mass threshold. The continuous
definition of αs(µ) is achieved by requiring a non-continuous Λ parameter. The Λ
parameter in QCD, ΛQCD(Nf , Norder), becomes the function of the number of active
(mq < µ) quark flavors Nf , and the perturbative order Norder, up to which the β
function was calculated, to ensure a smooth matching at the quark thresholds. As an
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example we show a set of ΛQCD(Nf , Norder)/GeV values which is recently in use [38]:
Nf = 3 Nf = 4 Nf = 5 Nf = 6
Norder = 1 0.272 0.236 0.181 0.094
Norder = 2 0.354 0.298 0.202 0.081
The running coupling is one of the simplest examples of a resummed quantity. It
is calculated by the reorganization of the perturbative series, such that the largest all
order contributions are included in the new leading terms. The partial summation
of the perturbative series implemented in this fashion is called resummation, which
is the main theme of this work. Since the running coupling is a resummed quantity,
when used in a fixed order expression it automatically includes certain all order effects
in the calculation, and as such, it improves the quality of the prediction.
1.2.3 Factorization and Infrared Safety
The QCD Lagrangian describes the interaction of quarks and gluons. On the other
hand, because of confinement, we observe only hadrons. According to the parton
model [39], hadrons are composed from partons: quarks and gluons. Although, nu-
merical implementations of QCD suggest that the theory describes confinement, we
do not have a mechanism to derive low energy (long distance) properties from the
QCD Lagrangian. In order to describe interactions involving hadrons at high ener-
gies we use the tool of factorization. Factorization is the idea of the separation of the
short distance physics from the long distance physics in high energy collisions. The
short distance physics is described by perturbative QCD. The long distance effects
are showed to be universal, parametrized, and extracted from measurements.
In order to illustrate the plausibility of factorization in hadronic scattering cross
sections, we first highlight the calculation of partonic cross sections. When calculating
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a partonic cross section beyond the leading order, after UV renormalization, and
cancellation of the IR singularities between real emission and virtual diagrams the
cross section still contains collinear singularities. These collinear singularities, on
the other hand, can be isolated as multiplicative factors, just like in the case of UV
renormalization. Similarly to Eq. 1.3, the partonic scattering cross section can be
written as
dσa1a2→X({s}) =
∫ 1
0
dx1
∫ 1
0
dx2 φb1/a1(x1, µ) dσˆb1b2→X({s}, x1, x2, µ)φb2/a2(x2, µ),
(1.5)
where summation over the double partonic indices bi is implied, σˆb1b2→X is the hard
scattering cross section of two partons b1 and b2, and φb/a(x, µ) can be interpreted as
the probability of the collinear emission of parton b from parton a with a momentum
fraction x at energy µ, and {s} represents the collection of the kinematical variables
relevant to dσˆ (e.g. the center of mass energy of the collision, etc.), and X is some
arbitrary final state. The hard cross section σˆb1b2→X and the distributions φb/a are
calculable in perturbative QCD order by order.3 The above form is useful because,
as it can be shown by direct calculation for a given process, all the non-cancelling
infrared singularities associated with the emission of collinear partons are universal
and can be defined into the distributions φb/a and the hard scattering cross section
σˆb1b2→X is infrared safe (i.e. finite). When calculating σˆb1b2→X at higher orders of the
perturbation theory, its infrared safety can be maintained by absorbing its collinear
singularities into the distributions φb/a [40]. In this procedure there is a freedom of
shifting part of the hard cross section into the distributions. This introduces the
factorization scale, µ, dependence into the definition of both σˆb1b2→X and φb/a. Just
like in the case of the UV renormalization, there are different scheme choices for
the parton densities, depending on the amount of the finite contributions arbitrarily
3 In the lowest order of the perturbation theory the distributions are just delta functions:
φb/a(x, µ) = δbaδ(1− x) +O(αs(µ), µ).
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defined into φb/a. This factorization of the infrared behavior is a factorization of the
short and long-distance physics, because the fact that σˆb1b2→X is infrared safe implies
that it cannot depend on physics which is associated by long distances. The long
distance physics is described by the universal distributions φb/a, which can be shown
to be independent of the short distance features captured by σˆb1b2→X .
We can show by explicit calculation that Eq. (1.5) generalizes to hadronic cross
sections:
dσh1h2→X({s}) =
∫ 1
0
dx1
∫ 1
0
dx2 fb1/h1(x1, µ) dσˆb1b2→X({s}, x1, x2, µ) fb2/h2(x2, µ),
(1.6)
where fa/h(x, µ) is a universal (process independent) function which gives the proba-
bility of finding parton a in a hadron h with a momentum fraction of x at the scale
µ. (While the introduction of the partonic distributions is somewhat heuristic in the
parton model, they are defined formally in the operator product expansion in terms of
expectation values of non-local operators.) The factorization theorem [41], generally
formulated in Eqs. (1.5) and (1.6) is an assumption, until it is proven process by pro-
cess, and order by order of the perturbation theory that the infrared singularities of
the hard cross section can be factorized into the parton distributions, and an infrared
safe hard cross section can be defined. The proofs are given in the literature for the
most important processes as deep inelastic scattering or the Drell-Yan lepton pair
production. After it is proven, the factorization theorem is used to predict cross sec-
tions involving hadrons. Comparing these predictions to the experiments, the parton
distributions then can be extracted.
Although, presently we do not know how to calculate the parton distribution
functions of hadrons, fa/h(x, µ), from the first principles, since their scale dependence
is governed by perturbative QCD, based on the RG technique we can calculate their
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evolution with the energy scale µ:
µ
dfa/h(x, µ)
dµ
=
∫ 1
0
dξ
ξ
Pa←b
(
x
ξ
, αs(µ)
)
fb/h(ξ, µ),
where the splitting functions, Pa←b(x, αs(µ)), are calculable order by order of the
perturbation theory [42], since they describe the short distance physics of partonic
splitting. (The analog of this equation can be written for partonic distributions φb/a,
where the splitting functions are calculated by perturbative methods.) For the case
of gluon radiation their O(αs) expressions are:
P
(1)
j←k(z) = CF
(
1 + z2
1− z
)
+
,
P
(1)
j←G(z) =
1
2
[
z2 + (1− z)2
]
, (1.7)
where the “+” prescription for arbitrary functions f(z) and g(z) is defined as
∫ 1
x
dz (f(z))+ g(z) =
∫ 1
0
dz f(z) [Θ(z − x)g(z)− g(1)] ,
with
Θ(x) =
{
0, if x < 0,
1, if x ≥ 0,
the unit step function. (It is assumed that f(z) is less singular than 1/(1 − z)2 at
z = 1.) Similarly to the case of the running coupling, the parton distributions, being
solutions of the above RGE, include resummed collinear contributions.
The renormalization of the ultraviolet singularities and the factorization of the in-
frared divergences can be viewed in parallel [43]. The ultraviolet singularities absorbed
into the renormalization constants Zi, just like the collinear divergences absorbed into
the parton distributions fa/b, that is in the factorization the parton distributions play
the role of the renormalization constants, with the added complication that they
also depend on the momentum fraction x, besides the energy scale µ. The evolution
equations, describing the scale dependence of the renormalization constants and the
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parton distributions can also be casted into analogous forms, with the anomalous
dimensions γi identified with the splitting functions Pa←b.
Chapter 2
Soft Gluon Resummation
2.1 Lepton Pair Production at Fixed Order in αs
In this work we apply and extend the resummation formalism developed by Collins,
Soper and Sterman (CSS) [44, 45, 46], which resums large logarithmic contribu-
tions, arising as the consequence of the initial state multiple soft gluon emission.
We calculate these resummed corrections to processes of the type h1h2 → v1v2X,
where hi are hadrons, v1 and v2 is a pair of leptons, photons or Z
0 bosons, and
X is anything else produced in the collision undetected. More specifically, we con-
sider lepton pair production through electroweak vector boson production and decay:
h1h2 → V (→ ℓ1ℓ¯2)X (V is W±, Z0 or a virtual photon), and vector boson pair pro-
duction h1h2 → V V X with V being photon or Z0 boson. To resum the contributions
from the soft gluon radiation, we use the results of the various fixed order calcula-
tions of these processes, which are found in the literature [47, 48, 49, 50, 51]. In this
Chapter we review the lepton pair production throughW±, Z0 or virtual photon (γ∗)
production and decay in some detail, to introduce a pedagogical example identifying
technical details which are most important for the resummation calculation.
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2.1.1 The Collins-Soper Frame
Since the Collins-Soper-Sterman resummation formalism gives the cross sections in
a special frame, called the Collins-Soper (CS) frame [52], we give the detailed form
of the Lorentz transformation between the CS and the laboratory (lab) frames. The
lab frame is defined as the center-of-mass frame of the colliding hadrons h1 and h2.
In the lab frame, the cartesian coordinates of the hadrons are:
pµh1,h2(lab) =
√
S
2
(1, 0, 0,±1),
where
√
S is the center-of-mass energy of the collider. The CS frame is the special
rest frame of the vector boson in which the z axis bisects the angle between the h1
hadron momentum ph1(CS) and the negative h2 hadron momentum −ph2(CS) [53].
To derive the Lorentz transformation Λµν(lab → CS) that connects the lab and
CS frames (in the active view point):
pµ(CS) = Λµν(lab→ CS) pν(lab),
we follow the definition of the CS frame. Since the invariant amplitude is independent
of the azimuthal angle of the vector boson (φV ), without loosing generality we start
from a lab frame in which φV is zero. First, we find the boost into a vector boson
rest frame. Then, in the vector boson rest frame we find the rotation which brings
the hadron momentum ph1(CS) and negative hadron momentum −ph2(CS) into the
desired directions.
A boost by ~β = −~q(lab)/q0 brings four vectors from the lab frame (with φV = 0)
into a vector boson rest frame (rest). The matrix of the Lorentz boost from the lab
frame to the rest frame, expressed explicitly in terms of qµ is
Λµν(lab→ rest) =
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1
Q

q0 −QT 0 −q3
−QT Q+ Q
2
T
q0+Q
0 QT q
3
q0+Q
0 0 Q 0
−q3 QT q3
q0+Q
0 Q+ (q
3)2
q0+Q
 .
where Q =
√
(q0)2 −Q2T − (q3)2 is the vector boson invariant mass, and the transverse
mass is defined as MT =
√
Q2 +Q2T .
After boosting the lab frame hadron momenta into this rest frame, we obtain
pµh1,h2(rest) = Λ
µ
ν(lab→ rest) pνh1,h2(lab) =√
S
2
(
q0 ∓ q3
Q
,−QT
Q
q0 +Q∓ q3
q0 +Q
, 0,
(±Q− q3)(q0 +Q)± (q3)2
Q(q0 +Q)
)
,
and the polar angles of pµh1(rest) and −pµh2(rest) are not equal unless QT = 0. (In
the above expressions the upper signs refers to h1 and the lower signs to h2.) In
the general QT 6= 0 case we have to apply an additional rotation in the rest frame
so that the z-axis bisects the angle between the hadron momentum ph1(CS) and
the negative hadron momentum −ph2(CS). It is easy to verify that to keep ~ph1,h2
in the xz plane, this rotation should be a rotation around the y axis by an angle
α = arccos [Q(q0 +MT )/(MT (q
0 +Q))].
Thus the Lorentz transformation from the lab frame to the CS frame is Λµν(lab→
CS) = Λµλ(rest→ CS) Λλν(lab→ rest). Indeed, this transformation results in equal
polar angles θh1,−h2 = arctan(QT/Q). The inverse of this transformation takes vectors
from the CS frame to the lab frame is:
Λµν(CS → lab) = (Λµν(lab→ CS))−1 =
1
QMT

q0MT q
0QT 0 q
3Q
QTMT M
2
T 0 0
0 0 QMT 0
q3MT q
3QT 0 q
0Q
 .
The kinematics of the leptons from the decay of the vector boson can be described
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by the polar angle θ and the azimuthal angle φ, defined in the Collins-Soper frame.
The above transformation formulae lead to the four-momentum of the decay product
fermion (and anti-fermion) in the lab frame as
pµ =
Q
2
(
qµ
Q
+ sin θ cosφ Xµ + sin θ sinφ Y µ + cos θ Zµ
)
,
pµ = qµ − pµ,
where
qµ = (MT cosh y, QT cosφV , QT sinφV , MT sinh y),
Xµ = − Q
QTMT
(
q+n
µ + q−n¯µ − M
2
T
Q2
qµ
)
,
Zµ =
1
MT
(q+n
µ − q−n¯µ) ,
Y µ = εµναβ
qν
Q
ZαXβ. (2.1)
Here, q± = 1√2(q
0 ± q3), y = 1
2
ln(q+/q−), nν = 1√2(1, 0, 0, 1), n¯
ν = 1√
2
(1, 0, 0,−1) and
the totally anti-symmetric unit tensor is defined as ε0123 = −1.
2.1.2 General Properties of the Cross Section
Along the lines of the factorization theorem (cf. Eq. 1.6), the inclusive differential
cross section of the lepton pair production in a hadron collision process h1h2 → V (→
ℓ1ℓ¯2)X is written as
dσh1h2(Q,QT , y, θ, φ, αs(Q)) =∫ 1
x1
dξ1
∫ 1
x2
dξ2
∑
a,b
fa/h1(ξ1, µ) dσˆab(Q,QT , y, θ, φ, z1, z2, µ) fb/h2(ξ2, µ).
Here dσˆab is the differential cross section of the parton level process ab→ V (→ ℓ1ℓ¯2)X,
and fa/h are the parton distribution functions. The variable Q denotes the invariant
mass, y the rapidity and QT the transverse momentum of the lepton pair, while θ
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and φ are the polar and azimuthal angles of the lepton ℓ1 in the rest frame of V . The
indices a and b denote different parton flavors (including gluon), and V may stand for
W±, Z0 or γ∗. The partonic momentum fractions xi are related to these independent
variables as
x1 =
MT√
S
ey, x2 =
MT√
S
e−y,
and
z1,2 =
x1,2
ξ1,2
.
The partonic cross section σˆab is calculated as
dσˆab(Q,QT , y, θ, φ, x1, x2, µ) =
1
2s
|Mab(s, t, u, µ)|2dΦ.
where s, t, and u are the Mandelstam invariants
s = (pa + pb)
2, t = (pa −Q)2, u = (pb −Q)2
with pa and pb being the four momenta of the incoming partons, and Q is the four
momentum of the lepton pair. Momentum conservation, pa + pb = Q + pX , can be
expressed in the form of the Mandelstam relation
s+ t+ u = Q2,
where we used p2X = 0. The phase space factor dΦ, assuming massless leptons, in
terms of the relevant kinematical variables, is
dΦ =
1
29π4
δ(s+ t+ u−Q2) dQ2dQ2Tdyd cos θdφ.
The averaged square of the invariant amplitude
|Mab(s, t, u, µ)|2 = 1
ncan
c
bn
s
an
s
b
∑
colors
|Mab(s, t, u, µf)|2 ,
where nsa,b and n
c
a,b are the number of spin and color degrees of freedom of partons a
and b.
29
Using the relation s = ξ1ξ2S, where
√
S is the center of mass energy of the collider,
the differential cross section of the lepton pair production in a fixed order of the strong
coupling is written as(
dσ(h1h2 → V (→ ℓ1ℓ¯2)X)
dQ2dQ2Tdyd cos θdφ
)
Fixed
=
1
210π4S
∑
a,b
∫ 1
x1
dξ1
ξ1
∫ 1
x2
dξ2
ξ2
× fa/h1(ξ1, µ)|Mab(s, t, u, µ)|2δ(s+ t+ u−Q2) fb/h2(ξ2, µ).
In the above equation both the invariant amplitude Mab(s, t, u, µ) and the parton
distribution functions fa/h(x, µ) depend on the renormalization scale
µ = C4Q
and the corresponding value, gs(µ) =
√
4παs(µ), of the QCD coupling. Normally one
sets the constant C4 to be of order 1, to avoid large logarithms ln(Q/µ), that would
otherwise spoil the usefulness of a low–order perturbative approximation of Mab.
The squared invariant amplitude of the partonic level process is calculated con-
tracting the hadronic and leptonic tensors Hµν and Lµν :∣∣∣Mab(s, t, u, Q2)∣∣∣2 = Hµνab (k, l, Q)Lµν(l1, l2, Q)
where, for the qq¯ → V (→ ℓ1ℓ¯2)g process k, l, l1, l2 are the quark, anti-quark, lepton
and anti-lepton four-momenta, respectively. The detailed from of the hard cross sec-
tion is found in the next Section. The hadronic tensor Hab is calculated by evaluating
the O(αs) real and virtual gluon emission diagrams and adding together these contri-
butions. In order to keep track of the vector boson polarization one has to evaluate
the symmetric and anti-symmetric parts of both the hadronic and leptonic tensors.
Since the calculation of the leptonic tensor is trivial we focus on the hadronic tensor.
The hadronic tensor can be split into a sum of a symmetric and an anti-symmetric
tensor
Hµνab (k, l, Q) = H
µν
ab,S(k, l, Q) +H
µν
ab,A(k, l, Q).
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Here Hµνab,S(k, l, Q) depends on symmetric combinations of the four-momenta and
the metric tensor. The calculation of the symmetric part of the hadronic tensor
Hµνab,S(k, l, Q) is straightforward and does not depend on the prescription of the γ5.
This is because one does not have to evaluate a trace that contains γ5 to calculate
Hµνab,S(k, l, Q). But the anti-symmetric part of the hadronic tensor involves traces
containing single γ5’s. These traces are, by definition, proportional to the fully anti-
symmetric tensor εµναβ , so that the calculation of Hµνab,A(k, l, Q) lead to the form
Hµνab,A(k, l, Q) = h1(s, t, u, Q
2)εµνkQ + h2(s, t, u, Q
2)εµνlQ + ǫ h3(s, t, u, Q
2)εµνkl.
The last term in this equation would violate the Ward identities in four dimension.
Although proportional to ǫ = (4 − D)/2, after the phase-space integration it con-
tributes to the four-dimensional cross section if h3 does not vanish.
2.1.3 The Cross Section at O(αs)
To correctly extract the distributions of the leptons, we have to calculate the pro-
duction and the decay of a polarized vector boson. The O(αs) QCD corrections to
the production and decay of a polarized vector boson can be found in the literature
[48], in which both the symmetric and the anti-symmetric parts of the hadronic ten-
sor were calculated. Such a calculation was, as usual, carried out in general number
(D) of space-time dimensions, and dimensional regularization was used to regulate
infrared (IR) divergences because it preserves the gauge and the Lorentz invariances.
Since the anti-symmetric part of the hadronic tensor contains traces with an odd
number of γ5’s, one has to choose a definition (prescription) of γ5 in D dimensions.
It was shown in a series of papers [54, 55] that in D 6= 4 dimension, the consistent
γ5 prescription to use is the t’Hooft-Veltman prescription [54]. Since in Ref. [48] a
different prescription [56] was used, we give below the results of our calculation in the
t’Hooft-Veltman γ5 prescription.
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For calculating the virtual corrections, we follow the argument of Ref. [57] and im-
pose the chiral invariance relation, which is necessary to eliminate ultraviolet anoma-
lies of the one loop axial vector current when calculating the structure function.
Applying this relation for the virtual corrections we obtain the same result as that in
Refs. [48] and [58]. The final result of the virtual corrections gives
M†BornMV irt +M†V irtMBorn =
CF
αs
2π
(
4πµ2
Q2
)ǫ
1
Γ(1− ǫ)
(
− 2
ǫ2
− 3
ǫ
+ π2 − 8
)
|MBorn|2 , (2.2)
where ǫ = (4−D)/2, µ is the t’Hooft mass (renormalization) scale, and CF = 4/3 in
QCD. The four-dimensional Born level amplitude is
|MBorn|2 = 16Q
4
(Q2 −M2V )2 +Q4Γ2V /M2V
×
[
(g2L + g
2
R)(f
2
L + f
2
R)L0 + (g2L − g2R)(f 2L − f 2R)A3
]
, (2.3)
where we have used the LEP prescription for the vector boson resonance with mass
MV and width ΓV . The angular functions are L0 = 1 + cos2 θ and A3 = 2 cos θ. The
initial state spin average (1/4), and color average (1/9) factors are not yet included
in Eq. (2.3).
When calculating the real emission diagrams, we use the same (t’Hooft-Veltman)
γ5 prescription. It is customary to organize the O(αns ) corrections by separating the
lepton degrees of freedom from the hadronic ones, so that(
dσ(h1h2 → V (→ ℓ1ℓ¯2)X)
dQ2dydQ2Td cos θdφ
)real emission
O(αs)
=
αs(Q)CF
(2π)3S
Q2
(Q2 −M2V )2 +Q4Γ2V /M2V
×∑
a,b,i
∫ 1
x1
dξ1
ξ1
∫ 1
x2
dξ2
ξ2
Gi Lab(ξ1, ξ2, Q2) T iab(QT , Q, z1, z2) Ai(θ, φ),
with z1 = x1/ξ1 and z2 = x2/ξ2. The dependence on the lepton kinematics is carried
by the angular functions
L0 = 1 + cos2 θ, A0 = 1
2
(1− 3 cos2 θ), A1 = sin 2θ cosφ, A2 = 1
2
sin2 θ cos 2φ,
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A3 = 2 cos θ, A4 = sin θ cosφ.
In the above differential cross section, i = −1, ..., 4 with A−1 ≡ L0; and Gi = (g2L +
g2R)(f
2
L+ f
2
R) for i = −1, 0, 1, 2; Gi = (g2L− g2R)(f 2L− f 2R) for i = 3, 4. The parton level
cross sections are summed for the parton indices a, b in the following fashion
∑
a,b
Lab T iab =
∑
q=u,d,s,c,b
(
Lqq¯ T iqq¯ + Lq¯q T iq¯q + LqG T iqG + Lq¯G T iq¯G + LGq T iGq + LGq¯ T iGq¯
)
.
The partonic luminosity functions Lab are defined as
Lqq¯(ξ1, ξ2, Q2) = fq/h1(ξ1, Q2) fq¯/h2(ξ2, Q2), etc.,
where fq/h1 is the parton probability density of parton q in hadron h1, etc. The
squared matrix elements for the annihilation sub-process qq¯ → V G in the CS frame,
including the ǫ dependent terms, are as follows:
T −1qq¯ =
1
ut
(
T+(u, t)− (t+ u)2ǫ
)
,
T 0qq¯ = T 2qq¯ =
1
ut
Q2T
M2T
(
T+(u, t)− (Q2 + s)2ǫ
)
,
T 1qq¯ =
1
ut
QTQ
M2T
T−(u, t)(1− ǫ),
T 3qq¯ =
1
ut
Q
MT
(
T+(u, t)− (Q
2 − u)t2 + (Q2 − t)u2
Q2
ǫ
)
,
T 4qq¯ =
2
ut
QT
MT
(
T−(u, t) +Q2(u− t)ǫ
)
.
For the Compton sub-process qG→ V q, we obtain
T −1qG =
−1
su
(
T+(s, u)− (s+ u)2ǫ
)
,
T 0qG = T 2qG =
−1
su
Q2T
M2T
(
(Q2 − u)2 + (Q2 + s)2 − (s+ u)2ǫ
)
,
T 1qG =
−1
su
QTQ
M2T
(
2(Q2 − u)2 − (Q2 − t)2 + (s+ u)2ǫ
)
,
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T 3qG =
−1
su
Q
MT
(
T+(s, u)− 2u(Q2 − s) + (Q
2 − t)(Q2s− su− u2)
Q2
ǫ
)
,
T 4qG =
−2
su
QT
MT
(
2s(Q2 − s) + T+(s, u)− (Q2 − t)uǫ
)
.
In the above equations, the Mandelstam variables: s = (k + l)2, t = (k − Q)2, and
u = (l−Q)2 where k, l and q are the four momenta of the partons from hadrons h1,
h2 and that of the vector boson, respectively, and T±(t, u) = (Q2 − t)2 ± (Q2 − u)2.
All other necessary parton level cross sections can be obtained from the above as
summarized by the following crossing rules:
i = −1, 0, 1, 2 i = 3, 4
T iq¯q = T iqq¯ T iq¯q = −T iqq¯
T iGq = T iqG (u↔ t) T iGq = −T iqG (u↔ t)
T iq¯G = T iqG T iq¯G = −T iqG
T iGq¯ = TGq T iGq¯ = −T iGq,
with the only exceptions that T 1Gq = −T 1qG (u ↔ t) and T 4Gq = T 4qG (u ↔ t). These
results are consistent with the regular pieces of the Y term given in Section 2.2.5 and
with those in Ref. [49].
In the above matrix elements, only the coefficients of L0 andA3 are not suppressed
by QT or Q
2
T , so they contribute to the singular pieces which are resummed in the
CSS formalism. By definition we call a term singular if it diverges as Q−2T × [1 or
ln(Q2/Q2T )] as QT → 0. Using the t’Hooft-Veltman prescription of γ5 we conclude
that the singular pieces of the symmetric (L0) and anti-symmetric (A3) parts are the
same, and
lim
QT→0
T −1qq¯ δ(s+ t+ u−Q2) = lim
QT→0
T 3qq¯ δ(s+ t+ u−Q2) = sqq¯,
lim
QT→0
T −1Gq δ(s+ t+ u−Q2) = lim
QT→0
T 3Gq δ(s+ t+ u−Q2) = sGq,
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where
sqq¯ =
1
Q2T
[
2 δ(1− z1) δ(1− z2)
(
ln
Q2
Q2T
− 3
2
)
+δ(1− z1)
(
1 + z2
2
1− z2
)
+
+ δ(1− z2)
(
1 + z1
2
1− z1
)
+
− ((1− z1) δ(1− z2) + (1− z2) δ(1− z1)) ǫ] +O
(
1
QT
)
,
sGq =
1
Q2T
[
(z21 + (1− z21)) δ(1− z2)− δ(1− z2)ǫ
]
+O
(
1
QT
)
.
As QT → 0, only the L0 and A3 helicity cross sections survive as expected, since the
O(α0s) differential cross section contains only these angular functions [cf. Eq. (2.3)].
2.2 The Resummation Formalism
2.2.1 Renormalization Group Analysis
In hard scattering processes, the dynamics of the multiple soft–gluon radiation is
predicted by resummation [59]–[60]. Since our work is based on the Collins-Soper-
Sterman resummation formalism [44, 45, 46], in this Section we review the most
important details of the proof of this formalism. After the pioneering work of Dok-
shitser, D’Yakonov, and Troyan [61], it was proven by Collins and Soper in Ref. [44]
that besides the leading logarithms [62] all the large logarithms, including the sub-
logs in the order-by-order calculations, can be expressed in a closed form (resummed)
for the energy correlation in e+e− collisions. This proof was generalized to the single
vector boson V production process h1h2 → V X, which we consider as an example.
Generalization of the results to other processes is discussed later.
As a first step, using the factorization theorem, the cross section of the process is
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written in a general form
dσ(h1h2 → V X)
dQ2dQ2Tdy
=
∫ 1
x1
dξ1
ξ1
∫ 1
x2
dξ2
ξ2
∑
a,b
fa/h1(ξ1, µ) Tab(Q,QT , z1, z2, µf) fb/h2(ξ2, µ).
The hard part of the cross section is calculated order by order in the strong coupling
Tab(Q,QT , z1, z2, µ) =
∞∑
n=0
(
αs
π
)n
T
(n)
ab (Q,QT , z1, z2, µ).
At some fixed order in αs the coefficients T
(n)
ab can be split into singular and regular
parts
T
(n)
ab (Q,QT , z1, z2, µ) = T
(n,δ)
ab (Q,QT , z1, z2, µ)δ(QT ) +
2n−1∑
m=0
T
(n,m)
ab (Q,QT , z1, z2, µ)
1
Q2T
lnm
(
Q2
Q2T
)
+R
(n)
ab (Q,QT , z1, z2, µ)
where R
(n)
ab contains terms which are less singular than Q
−2
T and δ(QT ) as QT → 0.
The perturbative expansion of the cross section defined in this manner is not useful
when αnsQ
−2
T ln
m (Q2/Q2T ) is large, i.e. in the QT → 0 limit. This is expressed in saying
that the large log’s are not under control when the perturbative series is calculated
in terms of T
(n)
ab .
To gain control over these large log’s, that is to express the cross section in terms
of coefficients which do not contain large log’s, the summation of the perturbative
terms is reorganized. The cross section is rewritten in the form
dσ(h1h2 → V X)
dQ2 dQ2Tdy
=
1
(2π)2
∫
d2b ei
~QT ·~bW˜ (b, Q, x1, x2) + Y (QT , Q, x1, x2)
where W˜ (b, Q, x1, x2) accommodates the singular logarithmic terms in the form of
ln(b2Q2). The ”regular” terms are included in the Y piece
Y (QT , Q, x1, x2) =∫ 1
x1
dξ1
ξ1
∫ 1
x2
dξ2
ξ2
fa/h1(ξ1, µ)
∞∑
n=0
(
αs
π
)n
R
(n)
ab (Q,QT , z1, z2, µ) fb/h2(ξ2, µ).
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The Fourier integral form was introduced to explicitly conserve ~QT [62].
Based on the form of the singular pieces in the QT → 0 limit [46], it is assumed
that the x1 and x2 dependence of W˜ factorizes
W˜ (Q, b, x1, x2) =
∑
j
Cjh1(Q, b, x1) Cjh2(Q, b, x2) Q2j ,
where Cjh is a convolution of the parton distribution with a calculable Wilson coeffi-
cient, called C function
Cjh(Q, b, x) =
∑
a
∫ 1
x
dξ
ξ
Cja(
x
ξ
, b, µ,Q) fa/h(ξ, µ),
where a sums over incoming partons, and j denotes the quark flavors with charge Qj
in the units of the positron charge.
It is argued , based on the work in Ref. [45], that W˜ obeys the evolution equation
∂
∂ lnQ2
W˜ (Q, b, x1, x2) = [K (bµ, gs(µ))+G (Q/µ, gs(µ))] W˜ (Q, b, x1, x2),
where K (bµ, gs(µ)) and G (Q/µ, gs(µ)) satisfy the renormalization group equations
(RGE’s)
µ
d
dµ
K (bµ, gs(µ)) = −γK (gs(µ)) ,
µ
d
dµ
G (bµ, gs(µ)) = +γK (gs(µ)) .
The anomalous dimension γK can be determined from the singular part of the cross
section [63]. These RGE’s allow the control of the log’s, since using them one can
change the scale µ in K (bµ, gs(µ)) and G (Q/µ, gs(µ)) independently, such that it is
the order of 1/b and Q respectively, so they do not contain large log’s. The solution
of the RGE’s constructed in this fashion contain the functions A and B, which one
uses to rewrite the evolution equation of W˜
∂
∂ lnQ2
W˜ (Q, b, , x1, x2) =
37
{∫ C2Q
C1/b
dµ2
µ2
[A (gs(µ), C1)+B (gs(C2Q), C1, C2)]
}
W˜ (Q, b, x1, x2).
The A and B functions can be approximated well, calculating them order by order
in the perturbation theory, because they are free from the large log’s.
The only remaining task is to relate the A and B functions to the cross section.
This is done by solving the evolution equation of W˜ . The solution is of the form
W˜ (Q, b, x1, x2) = e
−S(Q,b,C1,C2)W˜ (
C1
C2b
, b, x1, x2),
where the Sudakov exponent is defined as
S(Q, b, C1, C2) =
∫ C2
2
Q2
C2
1
/b2
dµ2
µ2
[
A (gs(µ), C1) ln
(
C2Q
2
µ2
)
+B (gs(µ), C1, C2)
]
.
From this we can write the cross section in terms of the A, B and C functions
dσ(h1h2 → W±X)
dQ2 dQ2Tdy
=
1
(2π)2
∫
d2b ei
~QT ·~b e−S(Q,b,C1,C2)
∑
j
Cjh1(
C1
C2b
, b, x1) Cjh2(
C1
C2b
, b, x2) Q
2
j
+ Y (QT , Q, x1, x2).
This important expression is the resummation formula which we make vital use in
the rest of this work.
The remaining slight modification of the resummation formula ensures that the
impact parameter b does not extend into the b >∼ 1/ΛQCD region, where perturbation
theory is invalid. To achieve this the b dependence of W˜ is replaced by
b∗ =
b√
1 + (b/bmax)2
,
which is always smaller than bmax. This arbitrary cutoff of the b integration is com-
pensated by the parametrization of the non-perturbative region with the introduction
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of a non-perturbative function for each quark and anti-quark flavors j and k
WNPjk (b, Q,Q0, x1, x2) = exp
[
−F1(b) ln
(
Q2
Q20
)
− Fj/h1(x1, b)− Fk/h2(x2, b)
]
,
where the functions F1, Fj/h1 and Fk¯/h2 have to be determined using experimental
data. The ln (Q2/Q20) term is introduced to match the logarithmic term of the Su-
dakov exponent and its coefficient is expected to be process independent.
For the production of vector bosons in hadron collisions another formalism was
presented in the literature to resum the large contributions due to multiple soft gluon
radiation by Altarelli, Ellis, Greco, Martinelli (AEGM) [64]. The detailed differences
between the CSS and AEGM formulations were discussed in Ref. [66]. It was shown
that the two are equivalent up to the few highest power of ln(Q2/Q2T ) at every order
in αs for terms proportional to Q
−2
T , provided αs in the AEGM formalism is evaluated
at b20/b
2 rather than at Q2. A more noticeable difference, except the additional con-
tributions of order Q−2 included in the AEGM formula, is caused by different ways
of parametrizing the non-perturbative contribution in the low QT regime. Since, the
CSS formalism was proven to sum over not just the leading logs but also all the sub-
logs, and the piece including the Sudakov factor was shown to be renormalization
group invariant [45], we only discuss the results of CSS formalism in the rest of this
work.
2.2.2 Resummation Formula for Lepton Pair Production
Due to the increasing accuracy of the experimental data on the properties of vector
bosons at hadron colliders, it is no longer sufficient to consider the effects of multiple
soft gluon radiation for an on-shell vector boson and ignore the effects coming from
the decay width and the polarization of the massive vector boson to the distributions
of the decay leptons. Hence, it is desirable to have an equivalent resummation formal-
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ism [67] for calculating the distributions of the decay leptons. This formalism should
correctly include the off-shellness of the vector boson (i.e. the effect of the width )
and the polarization information of the produced vector boson which determines the
angular distributions of the decay leptons. In this Section, we give our analytical re-
sults for such a formalism that correctly takes into account the effects of the multiple
soft gluon radiation on the distributions of the decay leptons from the vector boson.
To derive the building blocks of the resummation formula, we use the dimensional
regularization scheme to regulate the infrared divergencies, and adopt the canonical-
γ5 prescription to calculate the anti-symmetric part of the matrix element in D-
dimensional space-time.1 The infrared-anomalous contribution arising from using the
canonical-γ5 prescription was carefully handled by applying the procedures outlined
in Ref. [69] for calculating both the virtual and the real diagrams.2
The resummation formula for the differential cross section of lepton pair produc-
tion is given in Ref. [67]:(
dσ(h1h2 → V (→ ℓ1ℓ¯2)X)
dQ2 dy dQ2T d cos θ dφ
)
res
=
1
48πS
Q2
(Q2 −M2V )2 +Q4Γ2V /M2V
×
 1(2π)2
∫
d2b ei
~QT ·~b ∑
j,k
W˜jk¯(b∗, Q, x1, x2, θ, φ, C1, C2, C3) W˜
NP
jk¯ (b, Q, x1, x2)
+ Y (QT , Q, x1, x2, θ, φ, C4)} . (2.4)
In the above equation the parton momentum fractions are defined as x1 = e
yQ/
√
S
and x2 = e
−yQ/
√
S, where
√
S is the center-of-mass (CM) energy of the hadrons h1
and h2. For V = W
± or Z0, we adopt the LEP line-shape prescription of the resonance
behavior, with MV and ΓV being the mass and the width of the vector boson. The
renormalization group invariant quantity W˜jk¯(b), which sums to all orders in αs all
1In this prescription, γ5 anti-commutes with other γ’s in the first four dimensions and commutes
in the others [54, 55, 68].
2In Ref. [69], the authors calculated the anti-symmetric structure function F3 for deep-inelastic
scattering.
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the singular terms that behave as Q−2T × [1 or ln(Q2/Q2T )] for QT → 0, is
W˜jk¯(b, Q, x1, x2, θ, φ, C1, C2, C3) = exp {−S(b, Q, C1, C2)} | Vjk |2
×
{[
Cj/h1(x1) Ck¯/h2(x2) + Ck¯/h1(x1) Cj/h2(x2)
]
F (+)ij (αem(C2Q), αs(C2Q), θ)
+
[
Cj/h1(x1) Ck¯/h2(x2)− Ck¯/h1(x1) Cj/h2(x2)
]
F (−)ij (αem(C2Q), αs(C2Q), θ)
}
.
(2.5)
Here the Sudakov exponent S(b, Q, C1, C2) is defined as
S(b, Q, C1, C2) =
∫ C2
2
Q2
C2
1
/b2
dµ¯2
µ¯2
[
A (αs(µ¯), C1) ln
(
C22Q
2
µ¯2
)
+B (αs(µ¯), C1, C2)
]
. (2.6)
The explicit forms of the A, B and C functions and the renormalization constants Ci
(i=1,2,3) are summarized in Section 2.2.3. The Vjk coefficients are given by
Vjk =
{
Cabibbo−Kobayashi−Maskawa matrix elements for V = W±,
δjk for V = Z
0, γ∗.
(2.7)
In Eq. (2.5) Ci/h denotes the convolution of the Cia Wilson coefficients with the parton
distributions fa/h
Ci/h(x) =
∑
a
∫ 1
x
dξ
ξ
Cia
(
x
ξ
, b, µ =
C3
b
, C1, C2
)
fa/h
(
ξ, µ =
C3
b
)
. (2.8)
In this notation we suppressed the b and µ dependences of Ci/h, which play the role of
generalized parton distributions, including (through their b dependence) transverse
effects of soft–gluon emission. In the above expressions j represents quark flavors and
k¯ stands for anti-quark flavors. The indices a and b are meant to sum over quarks and
anti-quarks or gluons. Summation on these double indices is implied. In Eq. (2.5)
F (±)ij are kinematic factors that depend on the coupling constants and the polar angle
of the lepton ℓ1
F (+)ij (αem(C2Q), αs(C2Q), θ) = (g2L + g2R)(f 2L + f 2R)(1 + cos2 θ)
F (−)ij (αem(C2Q), αs(C2Q), θ) = (g2L − g2R)(f 2L − f 2R)(2 cos θ)
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V MV (GeV) ΓV (GeV) gL gR
γ 0.00 0.00 gQfsw/2 gQfsw/2
W± 80.36 2.07 g/(2
√
2) 0
Z0 91.19 2.49 g(T3 −Qfs2w)/(2cw) −gQfs2w/(2cw)
Table 2.1: Vector boson parameters and couplings to fermions. The f f¯ ′V vertex
is defined as iγµ[gL(1 − γ5) + gR(1 + γ5)] and sw = sin θw (cw = cos θw) is the sine
(cosine) of the weak mixing angle: sin2(θw(MZ0))MS = 0.2315. Qf is the fermion
charge (Qu = 2/3, Qd = −1/3, Qν = 0, Qe− = −1), and T3 is the eigenvalue of
the third component of the SU(2)L generator (T
u
3 = 1/2, T
d
3 = −1/2, T ν3 = 1/2,
T e
−
3 = −1/2).
The couplings fL,R and gL,R are defined through the ℓ1ℓ¯2V and the qq¯
′V vertices,
which are written respectively, as
iγµ [fL(1− γ5) + fR(1 + γ5)] and iγµ [gL(1− γ5) + gR(1 + γ5)] .
For example, for V = W+, q = u, q¯′ = d¯, ℓ1 = νe, and ℓ¯2 = e+, the couplings
g2L = f
2
L = GFM
2
W/
√
2 and g2R = f
2
R = 0, where GF is the Fermi constant. The
detailed information on the values of the parameters used in Eqs. (2.4) and (2.5) is
given in Table 2.1.
In Eq. (2.4) the magnitude of the impact parameter b is integrated from 0 to ∞.
However, in the region where b ≫ 1/ΛQCD, the Sudakov exponent S(b, Q, C1, C2)
diverges as the result of the Landau pole of the QCD coupling αs(µ) at µ = ΛQCD,
and the perturbative calculation is no longer reliable. As discussed in the previous
section, in this region of the impact parameter space (i.e. large b), a prescription
for parametrizing the non-perturbative physics in the low QT region is necessary.
Following the idea of Collins and Soper [70], the renormalization group invariant
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quantity W˜jk¯(b) is written as
W˜jk¯(b) = W˜jk¯(b∗)W˜
NP
jk¯ (b) ,
where
b∗ =
b√
1 + (b/bmax)2
.
Here W˜jk¯(b∗) is the perturbative part of W˜jk¯(b) and can be reliably calculated by
perturbative expansions, while W˜NPjk¯ (b) is the non-perturbative part of W˜jk¯(b) that
cannot be calculated by perturbative methods and has to be determined from exper-
imental data. To test this assumption, one should verify that there exists a universal
functional form for this non-perturbative function W˜NPjk¯ (b). This expectation is based
on the general feature that there exists a universal set of parton distribution functions
(PDF’s) that can be used in any perturbative QCD calculation to compare it with
experimental data. The non-perturbative function was parametrized by (cf. Ref. [46])
W˜NPjk¯ (b, Q,Q0, x1, x2) = exp
[
−F1(b) ln
(
Q2
Q20
)
− Fj/h1(x1, b)− Fk¯/h2(x2, b)
]
, (2.9)
where F1, Fj/h1 and Fk¯/h2 have to be first determined using some sets of data, and
later can be used to predict the other sets of data to test the dynamics of multiple
gluon radiation predicted by this model of the QCD theory calculation. As noted in
Ref. [46], F1 does not depend on the momentum fraction variables x1 or x2, while
Fj/h1 and Fk¯/h2 in general depend on those kinematic variables.
3 The ln(Q2/Q20)
dependence, associated with the F1 function, was predicted by the renormalization
group analysis described in Section 2.2.1. It is necessary to balance the ln(Q2) de-
pendence of the Sudakov exponent. Furthermore, F1 was shown to be universal, and
its leading behavior (∼ b2) can be described by renormalon physics [71]. Various sets
of fits to these non-perturbative functions can be found in Refs. [72] and [73].
3Here, and throughout this work, the flavor dependence of the non-perturbative functions is
ignored, as it is postulated in Ref. [46].
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In our numerical results we use the Ladinsky-Yuan parametrization of the non-
perturbative function (cf. Ref. [73]):
W˜NPjk¯ (b, Q,Q0, x1, x2) = exp
[
−g1b2 − g2b2 ln
(
Q
2Q0
)
− g1g3b ln (100x1x2)
]
, (2.10)
where g1 = 0.11
+0.04
−0.03 GeV
2, g2 = 0.58
+0.1
−0.2 GeV
2, g3 = −1.5+0.1−0.1 GeV−1 and Q0 =
1.6 GeV. (The value bmax = 0.5 GeV
−1 was used in determining the above gi’s and in
our numerical results.) These values were fit for CTEQ2M PDF with the canonical
choice of the renormalization constants, i.e. C1 = C3 = 2e
−γE (γE is the Euler
constant) and C2 = 1. In principle, for a calculation using a more update PDF, these
non-perturbative parameters should be refit using a data set that should also include
the recent high statistics Z0 data from the Tevatron. This is however beyond the
scope of this work.
In Eq. (2.4), W˜jk¯ sums over the soft gluon contributions that grow as Q
−2
T × [1 or
ln(Q2/Q2T )] to all orders in αs. Contributions less singular than those included in W˜jk¯
should be calculated order-by-order in αs and included in the Y term, introduced in
Eq. (2.4). This would, in principle, extend the applicability of the CSS resummation
formalism to all values of QT . However, as to be shown below, since the A, B, C, and
Y functions are only calculated to some finite order in αs, the CSS resummed formula
as described above will cease to be adequate for describing data when the value of
QT is in the vicinity of Q. Hence, in practice, one has to switch from the resummed
prediction to the fixed order perturbative calculation as QT >∼ Q. The Y term, which
is defined as the difference between the fixed order perturbative contribution and
those obtained by expanding the perturbative part of W˜jk¯ to the same order, is given
by
Y (QT , Q, x1, x2, θ, φ, C4) =
∫ 1
x1
dξ1
ξ1
∫ 1
x2
dξ2
ξ2
∞∑
n=1
(
αs(C4Q)
π
)n
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× fa/h1(ξ1, C4Q)R(n)ab (QT , Q,
x1
ξ1
,
x2
ξ2
, θ, φ) fb/h2(ξ2, C4Q), (2.11)
where the functions R
(n)
ab contain contributions which are less singular than Q
−2
T × [1
or ln(Q2/Q2T )] as QT → 0. Their explicit expressions and the choice of the scale C4
are summarized in Section 2.2.5.
Within the Collins-Soper-Sterman resummation formalism W˜jk¯(b) sums all the
singular terms which grow as αnsQ
−2
T ln
m(Q2/Q2T ) for all n and 0 ≤ m ≤ 2n − 1
provided that all the A(n), B(n) and C(n−1) coefficients are included in the pertur-
bative expansion of the A, B and C functions, respectively. This was illustrated in
Eqs. (A.12) and (A.13) of Ref. [66]. In our numerical results we included A(1), A(2),
B(1), B(2), C(0) and C(1), which means we resummed the following singular pieces
[66]:
dσ
dQ2T
∼ (L+ 1)
Q2T
{ αs + α2sL2 + α3sL4 + α4sL6 + ...
+ α2s + α
3
sL
2 + α4sL
4 + ... } , (2.12)
where L denotes ln(Q2/Q2T ) and the explicit coefficients multiplying the logs are
suppressed. The lowest order singular terms that were not included are Q−2T (L +
1)(α3s + α
4
sL
2 + ...) . Also, in the Y term we included R(1) and R(2) (cf. Eq.(2.11)),
which are derived from the fixed order αs and α
2
s calculations [65, 66].
The results of the usual O(αs) calculation can be obtained by expanding the above
CSS resummation formula to the αs order, which includes both the singular piece and
the Y term. Details are given in Sections 2.2.3 and 2.2.5, respectively.
2.2.3 O(αs) Expansion
In this section we expand the resummation formula, as given in Eq. (2.4), up toO(αs),
and calculate the QT singular piece as well as the integral of the O(αs) corrections
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from 0 to PT . These are the ingredients, together with the regular pieces to be given
in Section 2.2.5, needed to construct our NLO calculation.
First we calculate the singular part at the O(αs). By definition, this consist
of terms which are at least as singular as Q−2T × [1 or ln(Q2/Q2T )]. We use the
perturbative expansion of the A, B and C functions in the strong coupling constant
αs as:
A (αs(µ¯), C1) =
∞∑
n=1
(
αs(µ¯)
π
)n
A(n)(C1),
B (αs(µ¯), C1, C2) =
∞∑
n=1
(
αs(µ¯)
π
)n
B(n)(C1, C2), (2.13)
Cja(z, b, µ, C1, C2) =
∞∑
n=0
(
αs(µ)
π
)n
C
(n)
ja (z, b, µ,
C1
C2
).
The explicit expressions of the A(n), B(n) and C(n) coefficients are given in Section
2.2.4. After integrating over the lepton variables and the angle between ~b and ~QT ,
and dropping the regular (Y ) piece in Eq. (2.4), we obtain
lim
QT→0
dσ
dQ2dydQ2T
=
σ0
S
δ(Q2 −M2V )
{
1
2πQ2T
∫ ∞
0
dη η J0(η) e
−S(η/QT ,Q,C1,C2)
× fj/h1
(
x1,
C23Q
2
T
η2
)
fk/h2
(
x2,
C23Q
2
T
η2
)
+ j ↔ k
}
+O(Q−1T ),
where we have substituted the resonance behavior by a fixed mass for simplicity, and
defined σ0 as
4 [45]
σ0 =
4πα2
9Q2
, for V = γ∗,
σ0 =
π2α
3s2W
∑
jk
|Vjk|2, for V = W±,
4For our numerical calculation (within the ResBos Monte Carlo package), we have consistently
used the on-shell scheme for all the electroweak parameters in the improved Born level formula for
including large electroweak radiative corrections. In the V = Z0 case, they are the same as those
used in studying the Z0-pole physics at LEP [75].
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σ0 =
π2α
12s2W c
2
W
∑
jk
[(1− 4|Qj|s2W )2 + 1]|Vjk|2, for V = Z0.
Here α is the fine structure constant, sW (cW ) is the sine (cosine) of the weak mixing
angle θW , Qj is the electric charge of the incoming quark in the units of the charge
of the positron (e.g. Qup = 2/3, Qdown = −1/3, etc.), and Vjk is defined by Eq. (2.7).
To evaluate the integral over η = bQT , we use the following property of the Bessel
functions: ∫ ∞
0
dη η J0(η) F (η) = −
∫ ∞
0
dη η J1(η)
dF (η)
dη
,
which holds for any function F (η) satisfying [η J1(η) F (η)]
∞
0 = 0. Using the expansion
of the Sudakov exponent S(b, Q, C1, C2) = S(1)(b, Q, C1, C2) +O(α2S) with
S(1)(b, Q, C1, C2) = αs(Q
2)
π
[
1
2
A(1)(C1) ln
2
(
C22Q
2
C21/b
2
)
+B(1)(C1, C2) ln
(
C22Q
2
C21/b
2
)]
,
and the evolution equation of the parton distribution functions
d fj/h(x, µ
2)
d lnµ2
=
αs(µ
2)
2π
(
P
(1)
j←a ⊗ fa/h
)
(x, µ2) +O(α2s),
we can calculate the derivatives of the Sudakov form factor and the parton distribu-
tions with respect to η:
d
dη
e−S(η/QT ,Q,C1,C2) =
−2
η
αs(Q
2)
π
[
A(1)(C1) ln
(
C22Q
2η2
C21Q
2
T
)
+B(1)(C1, C2)
]
+O(α2s),
and
d
dη
fj/h(x,
C23Q
2
T
η2
) =
−2
η
αs(Q
2)
2π
(
P
(1)
j←a ⊗ fa/h
)
(x,Q2) +O(α2s).
Note that αs itself is expanded as
αs(µ
2)
2π
=
αs(Q
2)
2π
− 2β1
(
αs(Q
2)
2π
)2
ln
(
µ2
Q2
)
+O(α3s(Q2)),
with β1 = (11NC − 2Nf )/12, where NC is the number of colors (3 in QCD) and Nf is
the number of light quark flavors with masses less thanQ. In the evolution equation of
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the parton distributions P
(1)
j←k(z) and P
(1)
j←G(z) are the leading order DGLAP splitting
kernels [42] given by Eq. (1.7), and ⊗ denotes the convolution defined by
(
P
(1)
j←a ⊗ fa/h
)
(x, µ2) =
∫ 1
x
dξ
ξ
P
(1)
j←a
(
x
ξ
)
fa/h
(
ξ, µ2
)
,
and the double parton index a is running over all light quark flavors and the gluon.
After utilizing the Bessel function property and substituting the derivatives into
the resummation formula above, the integral over η can be evaluated using
∫ ∞
0
dη J1(η) ln
m
(
η
b0
)
=
{
1, if m = 0,
0, if m = 1, 2 and b0 = 2e
−γE ,
(2.14)
where γE is the Euler constant. The singular piece up to O(αs) is found to be
dσ
dQ2dydQ2T
∣∣∣∣∣
QT→0
=
σ0
S
δ(Q2 −M2V )
1
2πQ2T
αs(Q
2)
π
{[
fj/h1(x1, Q
2)
(
Pk←b ⊗ fb/h2
)
(x2, Q
2)
+
(
Pj←a ⊗ fa/h1
)
(x1, Q
2) fk/h2(x2, Q
2)
]
+
[
A(1)(C1) ln
(
C22
C21/b
2
0
Q2
Q2T
)
+B(1)(C1, C2)
]
fj/h1(x1, Q
2) fk/h2(x2, Q
2)
+ j ↔ k
}
+ O(α2s,
1
QT
), (2.15)
for arbitrary C1 and C2 constants. If C1 is not equal to C2b0 then, when QT is
of the order of Q, the arbitrary log terms ln(C21/(C
2
2b
2
0)) can potentially be larger
than ln(Q2/Q2T ). Therefore, to properly describe the QT distribution of the vector
boson in the matching region, i.e. for QT ∼ Q, Eq. (2.15) has to be used to define
the asymptotic piece at O(αs). This asymptotic piece is different from the singular
contribution derived from a fixed order perturbative calculation at O(αs) which is
given by
dσ
dQ2dydQ2T
∣∣∣∣∣
QT→0
=
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σ0
S
δ(Q2 −M2V )
1
2πQ2T
αs(Q
2)
π
{[
fj/h1(x1, Q
2)
(
Pk←b ⊗ fb/h2
)
(x2, Q
2)
+
(
Pj←a ⊗ fa/h1
)
(x1, Q
2) fk/h2(x2, Q
2)
]
+
[
A(1) ln
(
Q2
Q2T
)
+B(1)
]
fj/h1(x1, Q
2) fk/h2(x2, Q
2) + j ↔ k
}
+ O(α2s,
1
QT
), (2.16)
where A(1) = CF and B
(1) = −3CF/2. Compared to the general results for A(1)(C1)
and B(1)(C1, C2), as listed in Section 2.2.4, the above results correspond to the special
case of C1 = C2b0. The choice of C1 = C2b0 = C3 = b0 = 2e
−γE is usually referred
to as the canonical choice. Throughout this work, we use the canonical choice in our
numerical calculations.
To derive the integral of the O(αs) corrections over QT , we start again from the
resummation formula [Eq. (2.4)] and the expansion of the A, B and C functions
[Eq. (2.13)]. This time the evolution of parton distributions is expressed as
fj/h(x, µ
2) = fj/h(x,Q
2) + f
(1)
j/h(x, µ
2) +O(α2S), with
f
(1)
j/h(x, µ
2) =
αs(Q
2)
2π
ln
(
µ2
Q2
)(
P
(1)
j←a ⊗ fa/h
)
(x,Q2),
where summation over the partonic index a is implied. Substituting these expansions
in the resummation formula Eq. (2.4) and integrating over both sides with respect to
Q2T . We use the integral formula, valid for an arbitrary function F (b):
1
(2π)2
∫ P 2
T
0
dQ2T
∫
d2b ei
~QT ·~bF (b) =
1
2π
∫ ∞
0
db PTJ1(bPT )F (b),
together with Eq. (2.14) to derive
∫ P 2
T
0
dQ2T
dσ
dQ2dydQ2T
=
σ0
S
δ(Q2 −M2V )
×
{(
1− αs(Q
2)
π
[
1
2
A(1) ln2
(
Q2
P 2T
)
+B(1) ln
(
Q2
P 2T
)])
fj/h1(x1, Q
2) fk/h2(x2, Q
2)
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−αs(Q
2)
2π
ln
(
Q2
P 2T
) [(
Pj←a ⊗ fa/h1
)
(x1, Q
2) fk/h2(x2, Q
2)
−fj/h1(x1, Q2)
(
Pk←b ⊗ fb/h2
)
(x2, Q
2)
]
+
αs(Q
2)
π
[(
C
(1)
ja ⊗ fa/h1
)
(x1, Q
2) fk/h2(x2, Q
2)
+fj/h1(x1, Q
2)
(
C
(1)
kb
⊗ fb/h2
)
(x2, Q
2)
]}
+j ↔ k +
∫ P 2
T
0
dQ2T Y (QT , Q, x1, x2), (2.17)
where x1 = e
yQ/
√
S and x2 = e
−yQ/
√
S. Equations (2.16) and (2.17) (together with
the regular pieces, discussed in Section 2.2.5) are used to program the O(αs) results.
2.2.4 A, B and C functions
For completeness, we give here the coefficients A, B and C utilized in our numerical
calculations. The coefficients in the Sudakov exponent are [46, 72].
A(1)(C1) = CF ,
A(2)(C1) = CF
[(
67
36
− π
2
12
)
NC − 5
18
Nf − 2β1 ln
(
b0
C1
)]
,
B(1)(C1, C2) = CF
[
−3
2
− 2 ln
(
C2b0
C1
)]
,
B(2)(C1, C2) = CF
{
CF
(
π2
4
− 3
16
− 3ζ(3)
)
+NC
(
11
36
π2 − 193
48
+
3
2
ζ(3)
)
+
NF
2
(
−1
9
π2 +
17
12
)
−
[(
67
18
− π
2
6
)
NC − 5
9
Nf
]
ln
(
C2b0
C1
)
+
2β1
[
ln2
(
b0
C1
)
− ln2(C2)− 3
2
ln(C2)
]}
,
where Nf is the number of light quark flavors (mq < QV , e.g. Nf = 5 for W
±
or Z0 production), CF = tr(tata) is the second order Casimir of the quark repre-
sentation (with ta being the SU(NC) generators in the fundamental representation),
β1 = (11NC − 2Nf)/12 and ζ(x) = ∑∞n=1 n−x is the Riemann zeta function, and
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ζ(3) ≈ 1.202. For QCD, NC = 3 and CF = 4/3.
The C
(n)
jk coefficients up to n = 1 are:
C
(0)
jk (z, b, µ,
C1
C2
) = δjkδ(1− z),
C
(0)
jG (z, b, µ,
C1
C2
) = 0,
C
(1)
jk (z, b, µ,
C1
C2
) = δjkCF
{
1
2
(1− z)− 1
CF
ln
(
µb
b0
)
P
(1)
j←k(z)
+δ(1− z)
[
− ln2
(
C1
b0C2
e−3/4
)
+
π2
4
− 23
16
]}
,
C
(1)
jG (z, b, µ,
C1
C2
) =
1
2
z(1− z)− ln
(
µb
b0
)
P
(1)
j←G(z),
where P
(1)
j←a(z) are the leading order DGLAP splitting kernels [42] given in Section
1.2.3, and j and k represent quark or anti-quark flavors.
The constants C1, C2 and C3 ≡ µb were introduced when solving the renormaliza-
tion group equation for W˜jk. C1 enters the lower limit µ = C1/b in the integral of the
Sudakov exponent [cf. Eq. (2.6)], and determines the onset of the non-perturbative
physics. The renormalization constant C2, in the upper limit µ = C2Q of the Su-
dakov integral, specifies the scale of the hard scattering process. The scale µ = C3/b
is the scale at which the C functions are evaluated. The canonical choice of these
renormalization constants is C1 = C3 = 2e
−γE ≡ b0 and C2 = C4 = 1 [45]. We adopt
these choices of the renormalization constants in the numerical results of this work,
because they eliminate large constant factors within the A, B and C functions.
After fixing the renormalization constants to the canonical values, we obtain much
simpler expressions of A(1), B(1), A(2) and B(2). The first order coefficients in the
Sudakov exponent become
A(1)(C1) = CF , and B
(1)(C1 = b0, C2 = 1) = −3CF/2.
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The second order coefficients in the Sudakov exponent simplify to
A(2)(C1 = b0) = CF
[(
67
36
− π
2
12
)
NC − 5
18
Nf
]
,
B(2)(C1 = b0, C2 = 1) = C
2
F
(
π2
4
− 3
16
− 3ζ(3)
)
+ CFNC
(
11
36
π2 − 193
48
+
3
2
ζ(3)
)
+CFNf
(
− 1
18
π2 +
17
24
)
.
The Wilson coefficients C
(i)
ja for the parity-conserving part of the resummed re-
sult are also greatly simplified under the canonical definition of the renormalization
constants. Their explicit forms are
C
(1)
jk (z, b, µ =
b0
b
,
C1
C2
= b0) = δjk
{
2
3
(1− z) + 1
3
δ(1− z)(π2 − 8)
}
and
C
(1)
jG (z, b, µ =
b0
b
,
C1
C2
= b0) =
1
2
z(1− z).
The same Wilson coefficient functions Cja also apply to the parity violating part
which is multiplied by the angular function A3 = 2 cos θ.
2.2.5 Regular Contributions
The Y piece in Eq. (2.4), which is the difference of the fixed order perturbative result
and their singular part, is given by the expression
Y (QT , Q, x1, x2, θ, φ, C4) =
∫ 1
x1
dξ1
ξ1
∫ 1
x2
dξ2
ξ2
∞∑
n=1
(
αS(C4Q)
π
)n
× fa/h1(ξ1, C4Q)R(n)ab (QT , Q, z1, z2, θ, φ) fb/h2(ξ2, C4Q), (2.18)
where zi = xi/ξi (i = 1, 2). The regular functions R
(n)
ab only contain contributions
which are less singular than Q−2T × [1 or ln(Q2/Q2T )] as QT → 0. Their explicit
expressions for h1h2 → V (→ ℓ1ℓ¯2)X are given below. The scale for evaluating the
regular pieces is C4Q. To minimize the contribution of large logarithmic terms from
higher order corrections, we choose C4 = 1 when calculating the Y piece.
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We define the qq¯′V and the ℓ1ℓ¯2V vertices, respectively, as
iγµ [gL(1− γ5) + gR(1 + γ5)] and iγµ [fL(1− γ5) + fR(1 + γ5)] .
For example, for V = W+, q = u, q¯′ = d¯, ℓ1 = νe, and ℓ¯2 = e+, the couplings
g2L = f
2
L = GFM
2
W/
√
2 and g2R = f
2
R = 0, where GF is the Fermi constant. Table 2.1
shows all the couplings for the general case. In Eq. (2.18),
R
(1)
ab =
16 | Vab |2
πQ2
[
(g2L + g
2
R)(f
2
L + f
2
R)R
ab
1 + (g
2
L − g2R)(f 2L − f 2R)Rab2
]
,
where the coefficient functions Rabi are given as follows
5:
Rjk¯1 = r
jk¯L0 + T+(t, u)
s
δ(s+ t+ u−Q2)
[
A0 +A2 + Q
QT
T−(u, t)
T+(t, u)
A1
]
Q2
M2T
,
Rjk¯2 = r
jk¯A3 + T+(t, u)
s
δ(s+ t+ u−Q2)
×
{
Q2
Q2T
(
Q
MT
− 1
)
A3 − 2Q
2
QTMT
T−(t, u)
T+(t, u)
A4
}
,
RGj1 = r
GjL0 − Q
2Q2T
uM2T
T+(u, s)
s
δ(s+ t+ u−Q2)
×
{
T+(u,−s)
T+(u, s)
[A0 +A2] + Q
QT
(Q2 − u)2 + T−(u, t)
T+(u, s)
A1
}
,
RGj2 = −rGjA3 −
Q2T
u
T+(u, s)
s
δ(s+ t+ u−Q2)
×
{
Q2
Q2T
[
Q
MT
(
2u(Q2 − s)
T+(u, s)
− 1
)
+ 1
]
A3
− 2Q
2
QTMT
[
2s(Q2 − s)
T+(u, s)
+ 1
]
A4
}
,
with
rjk¯ =
Q2
Q2T
{
T+(t, u)
s
δ(s+ t+ u−Q2)− 2 δ(1− z1) δ(1− z2)
[
ln
(
Q2
Q2T
)
− 3
2
]
5Note that in Ref. [67] there were typos in Rjk¯
1
and RGj
2
.
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−δ(1− z1)
(
1 + z22
1− z2
)
+
− δ(1− z2)
(
1 + z21
1− z1
)
+
}
,
and
rGj =
Q2
Q2T
{
−Q
2
T
u
T+(u, s)
s
δ(s+ t+ u−Q2)−
[
z21 + (1− z1)2
]
δ(1− z2)
}
,
where T±(t, u) = (Q2 − t)2 ± (Q2 − u)2. The Mandelstam variables s, t, u and the
angular functions L0,Ai are defined in Sections 2.1.2 and 2.1.3. The Vjk coefficients
are defined by Eq. (2.7). For a = j and b = G: |VjG|2 =
∑
k
|Vjk|2 where j and k are
light quark flavors with opposite weak isospin quantum numbers. Up to this order,
there is no contribution from gluon-gluon initial state, i.e. R
(1)
GG = 0. The remaining
coefficient functions with all possible combinations of the quark and gluon indices (for
example Rk¯j , RGj¯ or RjG, etc.) are obtained by the same crossing rules summarized
in Section 2.2.3.
Having both the singular and the regular pieces expanded up to O(αs), we can
construct the NLO Monte Carlo calculation by first including the contribution from
Eq. (2.17), with PT = Q
Sep
T , for QT < Q
Sep
T . Second, for QT > Q
Sep
T , we include the
O(αs) perturbative results, which is equal to the sum of the singular [Eq. (2.16)] and
the regular [Eq. (2.18)] pieces up to O(αs). (Needless to say that the relevant angular
functions for using Eqs.(2.16) and (2.17) are L0 = 1 + cos2 θ and A3 = 2 cos θ, cf.
Eq. (2.3).) Hence, the NLO total rate is given by the sum of the contributions from
both the QT < Q
Sep
T and the QT > Q
Sep
T regions.
Chapter 3
Vector Boson Production and
Decay in Hadron Collisions
3.1 Vector Boson Distributions
At the Fermilab Tevatron, about ninety percent of the production cross section of
the W±, Z0 bosons and virtual photons is in the small transverse momentum region,
where QT <∼ 20 GeV (hence Q2T ≪ Q2). In this region the higher order perturbative
corrections, dominated by soft and collinear gluon radiation and of the formQ−2T
∑∞
n=1∑2n−1
m=0 nvm α
n
s ln
m(Q2T/Q
2), are substantial because of the logarithmic enhancement
[45]. (nvm are the coefficient functions for a given n and m.) As we discussed, these
corrections are divergent in the QT → 0 limit at any fixed order of the perturbation
theory. After applying the renormalization group analysis, these singular contribu-
tions in the low QT region can be resummed to derive a finite prediction for the QT
distribution to compare with experimental data.
In this Chapter we discuss the phenomenology predicted by the resummation for-
malism. To illustrate the effects of multiple soft gluon radiation, we also give results
predicted by a next-to-leading order (NLO, O(αs)) calculation. As expected, the
resummed and the NLO predictions of observables that are directly related to the
transverse momentum of the vector boson will exhibit large differences. These ob-
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servables, are for example, the transverse momentum of the leptons from vector boson
decay, the back-to-back correlations of the leptons from Z0 decay, etc. The observ-
ables that are not directly related to the transverse momentum of the vector boson
can also show noticeable differences between the resummed and the NLO calculations
if the kinematic cuts applied to select the signal events are strongly correlated to the
transverse momentum of the vector boson.
Due to the increasing precision of the experimental data at hadron colliders, it is
necessary to improve the theoretical prediction of the QCD theory by including the
effects of the multiple soft gluon emission to all orders in αs. To justify the importance
of such an improved QCD calculation, we compare various distributions predicted by
the resummed and the NLO calculations. For this purpose we categorize measurables
into two groups. We call an observable to be directly sensitive to the soft gluon
resummation effect if it is sensitive to the transverse momentum of the vector boson.
The best example of such observable is the transverse momentum distribution of the
vector boson (dσ/dQT ). Likewise, the transverse momentum distribution of the decay
lepton (dσ/dpℓT ) is also directly sensitive to resummation effects. The other examples
are the azimuthal angle correlation of the two decay leptons (∆φℓ1 ℓ¯2), the balance
in the transverse momentum of the two decay leptons (pℓ1T − pℓ¯2T ), or the correlation
parameter z = −~p ℓ1T · ~p ℓ¯2T /[max(p ℓ1T , p ℓ¯2T )]2. These distributions typically show large
differences between the NLO and the resummed calculations. The differences are
the most dramatic near the boundary of the kinematic phase space, such as the QT
distribution in the low QT region and the ∆φ
ℓ1ℓ¯2 distribution near π. Another group
of observables is formed by those which are indirectly sensitive to the resummation of
the multiple soft gluon radiation. The predicted distributions for these observables
are usually the same in either the resummed or the NLO calculations, provided that
the QT is fully integrated out in both cases. Examples of indirectly sensitive quantities
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are the total cross section σ, the invariant mass Q, the rapidity y, and xF
(
= 2q3/
√
S
)
of the vector boson1, and the rapidity yℓ of the decay lepton. However, in practice,
to extract signal events from the experimental data some kinematic cuts have to be
imposed to suppress the background events. It is important to note that imposing the
necessary kinematic cuts usually truncate the range of the QT integration, and causes
different predictions from the resummed and the NLO calculations. We demonstrate
such an effect in the distributions of the lepton charge asymmetry A(yℓ) predicted by
the resummed and the NLO calculations. We show that they are the same as long
as there are no kinematic cuts imposed, and different when some kinematic cuts are
included. They differ the most in the large rapidity region which is near the boundary
of the phase space.
To systematically analyze the differences between the results of the NLO and the
resummed calculations we implemented the O(α0s) (LO), the O(αs) (NLO), and the
resummed calculations in a unified Monte Carlo package: ResBos (the acronym stands
for Resummed Vector Boson production). The code calculates distributions for the
hadronic production and decay of a vector bosons via h1h2 → V (→ ℓ1ℓ¯2)X, where
h1 is a proton and h2 can be a proton, anti-proton, neutron, an arbitrary nucleus or
a pion. Presently, V can be a virtual photon γ∗ (for Drell-Yan production), W± or
Z0. The effects of the initial state soft gluon radiation are included using the QCD
soft gluon resummation formula, given in Eq. (2.4). This code also correctly takes
into account the effects of the polarization and the decay width of the massive vector
boson.
It is important to distinguish ResBos from the parton shower Monte Carlo pro-
grams like HERWIG [78], ISAJET [76], PYTHIA [77], etc., which use the backward
radiation technique [79] to simulate the physics of the initial state soft gluon radia-
1Here q3 is the longitudinal-component of the vector boson momentum qµ [cf. Eq. (2.1)].
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Figure 3.1: Total W+ production cross section as a function of the parameter QSepT
(solid curve). The long dashed curve is the part of the O(α∫ ) cross section integrated
from QSepT to the kinematical boundary, and the short dashed curve is the integral
from QT = 0 to Q
Sep
T at O(αs). The total cross section is constant within 10−5 %
through more than two order of magnitude of QSepT .
tion. They are frequently shown to describe reasonably well the shape of the vector
boson distribution. On the other hand, these codes do not have the full resumma-
tion formula implemented and include only the leading logs and some of the sub-logs
of the Sudakov factor. The finite part of the higher order virtual corrections which
leads to the Wilson coefficient (C) functions is missing from these event generators.
ResBos contains not only the physics from the multiple soft gluon emission, but also
the higher order matrix elements for the production and the decay of the vector
boson with large QT , so that it can correctly predict both the event rates and the
distributions of the decay leptons.
In a NLO Monte Carlo calculation, it is ambiguous to treat the singularity of the
vector boson transverse momentum distribution near QT = 0. There are different
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ways to deal with this singularity. Usually one separates the singular region of the
phase space from the rest (which is calculated numerically) and handles it analytically.
We choose to divide the QT phase space with a separation scale Q
Sep
T . We treat the
QT singular parts of the real emission and the virtual correction diagrams analytically,
and integrate the sum of their contributions up to QSepT . If QT < Q
Sep
T we assign a
weight to the event based on the above integrated result and assign it to the QT = 0
bin. If QT > Q
Sep
T , the event weight is given by the usual NLO calculation. The
above procedure not only ensures a stable numerical result but also agrees well with
the logic of the resummation calculation. In Fig. 3.1 we demonstrate that the total
cross section, as expected, is independent of the separation scale QSepT in a wide
range. As explained above, in the QT < Q
Sep
T region we approximate the QT of the
vector boson to be zero. For this reason, we choose QSepT as small as possible. We
use QSepT = 0.1 GeV in our numerical calculations, unless otherwise indicated. This
division of the transverse momentum phase space gives us practically the same results
as the invariant mass phase space slicing technique. This was precisely checked by
the lepton charge asymmetry results predicted by DYRAD [80], and the NLO [up to
O(αs)] calculation within the ResBos Monte Carlo package.
To facilitate our comparison, we calculate the NLO and the resummed distribu-
tions using the same parton luminosities and parton distribution functions, EW and
QCD parameters, and renormalization and factorization scales so that any difference
found in the distributions is clearly due to the different QCD physics included in the
theoretical calculations. (Recall that they are different models of calculations based
upon the same QCD theory, and the resummed calculation contains the dynamics of
the multiple soft gluon radiation.) This way we compare the resummed and the NLO
results on completely equal footing. The parton distributions used in the different
order calculations are listed in Table 3.1. In Table 3.1 and the rest of this work,
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Fixed order Resummed
O(α0s) O(αs) O(α2s) (1,0,0) (1,0,1) (2,1,2)
PDF CTEQ4L CTEQ4M CTEQ4M CTEQ4L CTEQ4M CTEQ4M
Table 3.1: List of PDF’s used at the different models of calculations. The values
of the strong coupling constants used with the CTEQ4L and CTEQ4M PDF’s are
α(1)s (MZ0) = 0.132 and α
(2)
s (MZ0) = 0.116 respectively.
we denote by resummed (2,1,2) the result of the resummed calculation with A and
B calculated to α2s order, C to αs, and R to α
2
s order, that is with A
(1,2), B(1,2),
C(0,1) and, R(1,2) included [cf. Section 2.2.4]. Similarly, resummed (1,0,1) includes
A(1), B(1), C(0), and R(1), and resummed (1,0,0) includes A(1), B(1), C(0) without the
Y piece. Unless specified otherwise, hereafter we use A(1,2), B(1,2), C(0,1) and, R(1,2)
in our resummed calculation. In the following, we discuss the relevant experimental
observables predicted by these models of calculations using the ResBos code. Our
numerical results are given for the Tevatron, a pp¯ collider with
√
S = 1.8 TeV, and
CTEQ4 PDF’s unless specified otherwise.
3.1.1 Vector Boson Transverse Momentum Distribution
According to the parton model the primordial transverse momenta of partons en-
tering into the hard scattering are zero. This implies that a γ∗, W± or Z0 boson
produced in the Born level process has no transverse momentum, so that the LO QT
distribution is a Dirac-delta function peaking at QT = 0. In order to have a vector
boson produced with a non-zero QT , an additional parton has to be emitted from
the initial state partons. This happens in the QCD process. However the singularity
at QT = 0 prevails up to any fixed order in αs of the perturbation theory, and the
transverse momentum distribution dσ/dQ2T is proportional to Q
−2
T × [1 or ln(Q2T/Q2)]
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at small enough transverse momenta. The most important feature of the transverse
momentum resummation formalism is to correct this unphysical behavior and render
dσ/dQ2T finite at zero QT by exponentiating the QT singular logs.
The CSS formalism itself is constructed to do even more than that. By including
the regular Y contribution, it interpolates between the low and the high QT regions
smoothly, provided that the A, B, C functions and the Y contribution are evaluated
to all orders in αs.
2 The Y piece is defined as the difference of the fixed order
perturbative result and its QT singular (asymptotic) part which grows as Q
−2
T × [1
or ln(Q2T/Q
2)] when QT → 0. In the QT ≪ Q region, the ln(Q/QT ) terms are large
and the perturbative distribution is dominated by these singular logs, that is the
perturbative and the asymptotic parts are about the same. Consequently, for low
QT , the exponentiated asymptotic pieces, i.e. the CSS piece, dominates over the Y
piece. In the QT ∼ Q region the ln(QT /Q) terms are small, and the perturbative
part is dominated by its other terms. The CSS and the asymptotic terms cancel each
other leaving the perturbative piece to dominate the high QT region. The cancellation
between the perturbative and asymptotic pieces is always exact (by definition) in the
low QT region order by order in αs, and the formalism is well defined for low QT , no
matter in which order the A, B, C functions and Y are known. On the other hand,
the cancellation between the CSS and the asymptotic pieces in the high QT region
becomes better if the asymptotic piece is calculated in higher order in αs. This is
because the CSS piece contains logs in all order (cf. Eq.(2.12)) while the asymptotic
part only up to a fixed order in αs. The above will be clearly illustrated later in
Fig. 3.2. Consequently, the CSS formalism must break down for QT >∼ Q, since A,
B, C and Y are known only up to a finite order.
2Strictly speaking, this is only true when the energy of the collider is much larger than Q, because
the resummed and the perturbative pieces are evaluated at different x values. The former depends
on x1 and x2 defined in Eq. (2.4), however the latter depends on ξ1 and ξ2 (cf. Eq. (2.11)) in which
the energy carried away by the emitted gluon is also included.
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Although the matching is built into the formalism, in practice it is still necessary
to specify a matching prescription which provides a smooth transition between the
resummed and the fixed order perturbative results. In Fig. 3.2 we show the resummed
(1,1,1) (resummation with A(1), B(1), C(0,1), and R(1) included) and the fixed order
O(αs) QT distributions for W+ and Z0 bosons. As shown, the resummed (1,1,1) and
the fixed order curves are close to each other for Q/2 < QT < Q, and they cross
around QT ∼ Q/2. Based on this observation we adopt the following procedure for
calculating the fully differential cross section dσ/dQ2dQTdy. For QT values below the
crossing points QmatchT (Q, y) of the resummed and the fixed order QT distributions,
as the function of Q and y, we use the resummed cross section, and above it we use
the fixed order perturbative cross section. The resulting dσ/dQ2dQTdy distribution
is continuous, although not differentiable with respect to QT right at the matching
points QmatchT (Q, y). The differential cross section dσ/dQT , on the other hand, is
completely smooth since it has no specific matching point. Most importantly, the
above prescription does not alter either the resummed or the fixed order perturbative
distributions in the kinematic regions where they are proven to be valid.
To improve the theory prediction for the QT distribution, we also include the effect
of some known higher order (at O(α2s)) corrections to the Sudakov factor [72], the
Y piece [66], and the fixed order perturbative cross section [65]. As we described,
the Y piece plays an essential role in the matching between the resummed and the
fixed order QT distributions which are dominated by the Y piece when QT is in the
matching region. To emphasize this in Fig. 3.3 we show the ratio of the Y piece to the
total resummed (2,1,1) cross section. This ratio can be larger than one because the
CSS piece, which is the difference between the total resummed cross section and the Y
piece, can be negative for large enough QT (>∼ Q/2). As indicated, the Y contribution
is small for QT < 30 GeV. At QT = 30 GeV it only contributes by about 25% to
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Figure 3.2: The low and intermediate QT regions of the W
+ and Z0 distributions at
the Tevatron, calculated in fixed order O(α∫ ) (dotted) and O(α2s) (dash-dotted), and
resummed (1,1,1) (dashed) and (2,1,2) (solid) [cf. Table III]. The cross-over occurs at
54 GeV for the O(αs), and at 69 GeV for the O(α2s) W± distributions. The matching
between the resummed and the fixed order disrtibutions becomes much smoother at
O(α2s) than at O(αs). The situation is very similar for the Z0 boson.
dσ/dQT . The total contribution of the Y -term to
∫ 30 GeV
0 dQT (dσ/dQT ) is less than
a percent. Therefore, in the region of QT < 30 GeV, the CSS piece dominates. We
can also define the KY -factor as the ratio of the Y pieces calculated at the O(αs+α2s)
to that at the O(αs). The KY -factor is plotted in Fig. 3.4 as the function of QT and
y for W± and Z0 bosons (for Q = MV ). As shown, when QT is between 30 to 80
GeV, the KY factor is about 10% unless the rapidity of the W and Z bosons become
large (i.e. |y| > 2). Similarly, in Fig. 3.5, we show the KP factor, which is defined as
the ratio of the fixed order differential cross sections calculated at the O(αs + α2s) to
that at the O(αs), as a function of QT , and y for Q =MV . As expected, when |y| is
large, i.e. near the boundary of the available phase space, the KP factor can be large.
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Figure 3.3: The ratio of the O(αs+α2s) Y piece (solid curve, R(1) and R(2) included),
and the O(αs) Y piece (dashed curve, R(1) included) to the resummed (2,1,1) distri-
bution for W+ and Z0 bosons.
The variation as a function of QT for QT > 50 GeV is small, of the order of 10%.
In Fig. 3.2 we also show the resummed (2,1,2) (with A(1,2), B(1,2), C(0,1), and R(1,2)
included) and the fixed order O(α2s) QT distributions. Joining these distributions at
the triple differential cross section level defines the resummed O(α2s) distribution in
the whole QT region. As shown, while in O(αs) the matching takes place at lower QT
values leaving a noticeable kink in the cross section, in O(α2S) the matching occurs at
larger QT values and is much smoother. This happens because, as discussed above,
the cancellation between the CSS and the asymptotic pieces becomes better.
In summary, the CSS resummation formalism is constructed in such a manner
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Figure 3.4: The KY -factor: ratio of the O(αs+α2s) Y piece (R(1) and R(2) included)
to the O(αs) Y piece (R(1) included). The curves are plotted for Q = MV and
y = −2.0 (solid), −1.0 (long dash), 0.0 (short dash), 1.0 (dash-dot) and y =2.0
(dash-double-dot).
that if the A, B, C functions and the R coefficients were calculated to all order
then the matching would be completely natural in the sense that the resummed cross
section would blend into the fixed order one smoothly and no additional matching
prescription would be necessary. However, in a practical calculation, because A, B, C
and Y are only known to some finite order in αs, the matching prescription described
above is necessary. Using this procedure, we discuss below a few other interesting
results calculated from the resummation formalism.
We find that in the resummed calculation, after taking out the resonance weight-
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Figure 3.5: The fixed order perturbative O(α2s) to O(αs) K-factor as the function
of QT . The curves are plotted for Q = MV and y = −2.0 (solid), −1.0 (long dash),
0.0 (short dash), 1.0 (dash-dot) and y =2.0 (dash-double-dot).
ing factor Q2/((Q2 − M2V )2 + Q4Γ2V /M2V ) in Eq. (2.4), the shape of the transverse
momentum distribution of the vector boson V for various Q values in the vicinity of
MV is remarkably constant for QT between 0 and 20 GeV. Fixing the rapidity y of
the vector boson V at some value y0 and taking the ratio
R(QT , Q0) =
dσ
dQ2dQ2Tdy
∣∣∣∣∣
Q=Q0,y=y0
dσ
dQ2dQ2Tdy
∣∣∣∣∣
Q=MV ,y=y0
,
we obtain almost constant curves (within 3 percent) for Q = MV ± 10 GeV (cf.
66
    R(QT,Q)
    QT (GeV)
0 5 10 15 20
0.7
0.8
0.9
1
1.1
1.2
1.3
1.4 W+
    R(QT,Q0)
    QT (GeV)
0 5 10 15 20
0.8
0.9
1
1.1
1.2
1.3
1.4
Z0
    R(QT,Q0)
Figure 3.6: The ratio R(QT , Q0), with y0 = 0, for W
+ and Z0 bosons as a function
of QT . For W
+, solid lines are: Q0 = 78 GeV (upper) and 82 GeV (lower), dashed:
Q0 = 76 GeV (upper) and 84 GeV (lower), dotted: Q0 = 70 GeV (upper) and 90
GeV (lower). For Z0 bosons, solid lines: Q0 = 88 GeV (upper) and 92 GeV (lower),
dashed: Q0 = 86 GeV (upper) and 94 GeV (lower), dotted: Q0 = 80 GeV (upper)
and 100 GeV (lower).
Fig. 3.6) for V = W+ and Z0. The fact that the shape of the transverse momentum
distribution shows such a weak dependence on the invariant mass Q in the vicinity of
the vector boson mass can be used to make the Monte Carlo implementation of the
resummation calculation faster. This weak dependence was also used in the DØ W
mass analysis when assuming that the mass dependence of the fully differential W
boson production cross section factorizes as a multiplicative term [81]. Similarly, we
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define the ratio
R(QT , y0) =
dσ
dQ2dQ2Tdy
∣∣∣∣∣
Q=MV ,y=y0
dσ
dQ2dQ2Tdy
∣∣∣∣∣
Q=MV ,y=0
,
to study the QT shape variation as a function of the vector boson rapidity. Our results
are shown in Fig. 3.7. Unlike the ratio R(QT , Q0) shown in Fig. 3.6, the distributions
of R(QT , y0) for the W
± and Z0 bosons are clearly different for any value of the
rapidity y0.
To utilize the information on the transverse momentum of theW+ boson in Monte
Carlo simulations to reconstruct the mass of the W+ boson, it was suggested in
Ref. [82] to predict QT (W
+) distribution from the measured QT (Z
0) distribution and
the calculated ratio of QT (W
+) and QT (Z
0) predicted by the resummation calcula-
tions [45, 66], in which the vector boson is assumed to be on its mass-shell. Unfor-
tunately, this idea will not work with a good precision because, as clearly shown in
Fig. 3.7, the ratio of the W+ and Z0 transverse momentum distributions depends
on the rapidities of the vector bosons. Since the rapidity of the W+ boson cannot
be accurately reconstructed without knowing the longitudinal momentum (along the
beam pipe direction) of the neutrino, which is in the form of missing energy carried
away by the neutrino, this dependence cannot be incorporated in data analysis and
the above ansatz cannot be realized in practice for a precision measurement of MW .
3
Only the Monte Carlo implementation of the exact matrix element calculation (in-
cluded in ResBos) can correctly predict the distributions of the decay leptons, such as
the transverse mass of the W± boson, and the transverse momentum of the charged
3If a high precision measurement were not required, then one could choose from the two-fold
solutions for the neutrino longitudinal momentum to calculate the longitudinal momentum of the
W± boson.
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Figure 3.7: The ratio R(QT , y0), with Q0 =MV , for W
+ and Z0 bosons as a function
of QT .
lepton, so that they can be directly compared with experimental data to extract the
value of MW . We comment on these results later in this section.
Another way to compare the results of the resummed and the NLO calculations is
given by the distributions of σ(QT > Q
min
T )/σTotal, as shown in Fig. 3.8. We defined
the ratio as
RCSS ≡ σ(QT > Q
min
T )
σTotal
=
1
σTotal
∫ Qmax
T
Qmin
T
dQT
dσ(h1h2 → V )
dQT
,
where QmaxT is the largest QT allowed by the phase space. In the NLO calculation,
σ(QT > Q
min
T ) grows without bound near Q
min
T = 0, as the result of the singular
behavior 1/Q2T in the matrix element. The NLO curve runs well under the resummed
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one in the 2 GeV < QminT < 30 GeV region, and the QT distributions from the NLO
and the resummed calculations have different shapes even in the region where QT is
of the order 15 GeV.
With large number of fully reconstructed Z0 events at the Tevatron, one should be
able to use data to discriminate these two theory calculations. In view of this result
it is not surprising that the DØ analysis of the αs measurement [83] based on the
measurement of σ(W + 1 jet)/σ(W + 0 jet) does not support the NLO calculation
in which the effects of the multiple gluon radiation are not included. We expect
that if this measurement was performed by demanding the transverse momentum of
the jet to be larger than about 50 GeV, at which scale the resummed and the NLO
distributions in Fig. 3.2 cross, the NLO calculation would adequately describe the
data.
To show that for QT below 30 GeV, the QCD multiple soft gluon radiation is
important to explain the DØ data [83], we also include in Fig. 3.8 the prediction
for the QT distribution at the order of α
2
S. As shown in the figure, the α
2
S curve is
closer to the resummed curve which proves that for this range of QT the soft gluon
effect included in the α2S calculation is important for predicting the vector boson QT
distribution. In other words, in this range of QT , it is more likely that soft gluons
accompany theW± boson than just a single hard jet associated with the vector boson
production. For large QT , it becomes more likely to have hard jet(s) produced with
the vector boson.
Measuring RCSS in the low QT region (for QT <∼ Q/2) provides a stringent test of
the dynamics of the multiple soft gluon radiation predicted by the QCD theory. The
same measurement of RCSS can also provide information about some part of the non-
perturbative physics associated with the initial state hadrons. As shown in Fig. 3.9
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Figure 3.8: The ratio RCSS as a function of Q
min
T for W
+ and Z0 bosons. The fixed
order (O(αs) short dashed, O(α2s) dashed) curves are ill-defined in the low QT region.
The resummed (solid) curves are calculated for g2 = 0.38 (low), 0.58 (middle) and
0.68 (high) GeV2 values.
and in Ref. [73], the effect of the non-perturbative physics on the QT distributions
of the W± and Z0 bosons produced at the Tevatron is important for QT less than
about 10 GeV. This is evident by observing that different parametrizations of the
non-perturbative functions do not change the QT distribution for QT > 10 GeV,
although they do dramatically change the shape of QT for QT < 10 GeV. Since for
W± and Z0 production, the ln(Q2/Q20) term is large, the non-perturbative function,
as defined in Eq. (2.9), is dominated by the F1(b) term (or the g2 parameter) which is
supposed to be universal for all Drell-Yan type processes and related to the physics of
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Figure 3.9: Transverse momentum distributions of W+ and Z0 bosons calculated
with low (long dash, g2 = 0.38 GeV
2), nominal (solid, g2 = 0.58 GeV
2) and high
(short dash, g2 = 0.68 GeV
2) g2 non-perturbative parameter values. The low and
high excursions in g2 are the present one standard deviations from the nominal value
in the Ladinsky-Yuan parametrization.
the renormalon [71]. Hence, the measurement of RCSS cannot only be used to test the
dynamics of the QCD multiple soft gluon radiation, in the 10GeV < QT < 40 GeV
region, but may also be used to probe this part of non-perturbative physics for QT <
10 GeV. It is therefore important to measure RCSS at the Tevatron. With a large
sample of Z0 data at Run 2, it is possible to determine the dominant non-perturbative
function which can then be used to calculate theW± bosonQT distribution to improve
the accuracy of the MW and the charged lepton rapidity asymmetry measurements.
The transverse momentum distribution of W± bosons within a modified CSS
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formalism was also calculated by in Ref. [84]. The conclusions and results, when
they overlap, agree with ours.
3.1.2 Vector Boson Longitudinal Distributions
The resummation of the logs involving the transverse momentum of the vector boson
does not directly affect the shape of the longitudinal distributions of the vector bosons.
A good example of this is the distribution of the longitudinal momentum of the
Z0 boson which can be measured at the Tevatron with high precision, and can be
used to extract information on the parton distributions. It is customary to plot the
rescaled quantity xF = 2q
3/
√
S, where q3 = sinh(y)
√
Q2 +Q2T is the longitudinal
momentum of the Z0 boson measured in the laboratory frame. In Fig. 3.10, we plot
the distributions predicted in the resummed and the NLO calculations. As shown,
their total event rates are different in the presence of kinematic cuts. (Although they
are the same if no kinematic cuts imposed.) This conclusion is similar to that of the
yℓ distributions, as discussed in Sections 3.1.3 and 3.2.1.
Without any kinematic cuts, the vector boson rapidity distributions are also the
same in the resummed and the NLO calculations. This is so because when calculating
the y distribution the transverse momentum QT is integrated out so that the integral
has the same value in the NLO and the resummed calculations. On the other hand,
experimental cuts on the final state leptons restrict the phase space, so the difference
between the NLO and the resummed QT distributions affects the vector boson rapidity
distributions. This shape difference is very small at the vector boson level, as shown
in Fig. 3.11.
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Figure 3.10: Longitudinal xF distributions of Z
0 bosons produced at the Tevatron.
The NLO (dashed) curves overestimate the rate compared to the resummed (solid)
ones, because kinematic cuts enhance the low QT region where the NLO and re-
summed distributions are qualitatively different. Without cuts, the NLO and the
resummed xF distributions are the same.
3.1.3 The Total Cross Section
Before we compare the distributions of the decay leptons, we examine the question
whether or not the QT resummation formalism changes the prediction for the total
cross section. In Ref. [85] it was shown that in the AEGM formalism, which differs
from the CSS formalism, the O(αs) total cross section is obtained after integrating
their resummation formula over the whole range of the phase space.
In the CSS formalism, without including the C and Y functions, the fully inte-
grated resummed result recovers the O(α0s) cross section, provided that QT is inte-
grated from zero to Q. This can be easily verified by expanding the resummation
formula up to O(αS), dropping the C(1) and the Y pieces (which are of order O(αs)),
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Figure 3.11: Rapidity distributions (resummed: solid, NLO: dashed) of Z0 bosons
produced at the Tevatron with the kinematic cuts given in the text.
and integrating over the lepton variables. It yields
∫ P 2
T
0
dQ2T
dσ
dQ2dydQ2T
=
σ0
S
δ(Q2 −M2V )
×
{(
1− αs(Q)
π
[
1
2
A(1) ln2
(
Q2
P 2T
)
+B(1) ln
(
Q2
P 2T
)])
× fj/h1(x1, Q2) fk/h2(x2, Q2)
−αs(Q)
2π
ln
(
Q2
P 2T
) [(
Pj←a ⊗ fa/h1
)
(x1, Q
2) fk/h2(x2, Q
2)
+ fj/h1(x1, Q
2)
(
Pk←b ⊗ fb/h2
)
(x2, Q
2)
]
+ j ↔ k
}
, (3.1)
where PT is the upper limit of the QT integral and we fixed the mass of the vector
boson for simplicity. To derive the above result we have used the canonical set of the
Ci (i = 1, 2, 3) coefficients (cf. Section 2.2.4). When the upper limit PT is taken to
be Q, all the logs in the above equation vanish and Eq. (3.1) reproduces the Born
level (O(α0s)) cross section. Similar conclusion holds for higher order terms from the
expansion of the resummed piece when C and Y are not included. This is evident
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because the singular pieces from the expansion are given by
dσ
dQ2T
∣∣∣∣∣
singular
=
1
Q2T
∞∑
n=1
2n−1∑
m=0
nvmα
n
s ln
m
(
Q2T
Q2
)
The integral of these singular terms will be proportional to ln(Q2/P 2T ) raised to some
power. Again, for PT = Q all the logs vanish and the tree level result is obtained.
Including C(1) and the Y contribution changes the above conclusion and leads to
a different total cross section, because C(1) contains the hard part virtual corrections
and Y contains the hard gluon radiation. Combining the resummed (1,1,1) and the
fixed order O(αs) distributions, the above described matching prescription provides
us with an O(αs) resummed total cross section with an error of O(α2s), as shown
in Ref. [66]. In practice this translates into less than a percent deviation between
the resummed O(αs) total cross section and the inclusive NLO (O(αs)) calculation.
This can be understood from the earlier discussion that if the matching were done
at QT equal to Q, then the total cross section calculated from the CSS resummation
formalism should be the same as that predicted by the NLO calculation, provided that
C(1) and Y (1) are included. However, this matching prescription would not result in a
smooth curve for the QT distribution at QT = Q. The matching procedure described
above causes a small (about a percent) difference between the O(αs) resummed and
the NLO total cross sections. This difference indicates the typical size of the higher
order corrections not included in the NLO total cross section calculation.
The total cross section predicted from the various theory calculations are listed in
Table 3.2. As shown in Table 3.2, as far as the total rate is concerned, there is hardly
any observable difference between the predicted results from the resummed (2,1,1)
matched to the fixed order perturbative O(αs) and the resummed (2,1,2) matched to
the fixed order perturbative O(α2s), although the latter gives a smoother QT curve,
as shown in Fig. 3.2.
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Ecm Fixed Order Resummed Experiment
(TeV) O(α0s) O(αs) (1,1,1) (2,1,1) (2,1,2) (Ref. [86])
⊕ O(αs) ⊕ O(αs) ⊕ O(α2s)
W+ 1.8 8.81 11.1 11.3 11.3 11.4 11.5 ± 0.7
W+ 2.0 9.71 12.5 12.6 12.6 12.7
Z0 1.8 5.23 6.69 6.79 6.79 6.82 6.86 ± 0.36
Z0 2.0 6.11 7.47 7.52 7.52 7.57
Table 3.2: Total cross sections of pp¯ → (W+or Z0)X at the present and upgraded
Tevatron, calculated in different prescriptions, in units of nb. The finite order total
cross section results are based on the calculations in Ref. [85]. The O(α2s) results were
obtained from Ref. [65]. The “⊕” signs refer to the matching prescription discussed
in the text.
Kinematic cuts affect the total cross section in a subtle manner. It is obvious
from our matching prescription that the resummed O(α2S) and the fixed order O(αs)
curves in Fig. 3.2 will never cross in the high QT region. On the other hand, the
resummed O(α2s) total cross section is about the same as the fixed order O(αs) cross
section when integrating QT from 0 to Q. These two facts imply that when kinematic
cuts are made on the QT distribution with QT < Q, we will obtain a higher total
cross section in the fixed order O(αs) than in the resummed O(α2s) calculation. In
this Chapter we follow the CDF cuts (for the W+ boson mass analysis) and demand
QT < 30 GeV [87]. Consequently, in many of our figures, to be shown below, the
fixed order O(αs) curves give about 3% higher total cross section than the resummed
ones.
3.2 Lepton Distributions
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3.2.1 Lepton Charge Asymmetry
The CDF lepton charge asymmetry measurement [88] played a crucial role in con-
straining the slope of the u/d ratio in recent parton distribution functions. It was
shown that one of the largest theoretical uncertainty in the W± mass measurement
comes from the parton distributions [89], and the lepton charge asymmetry was shown
to be correlated with the transverse mass distribution [90]. Among others, the lepton
charge asymmetry is studied to decrease the errors in the measurement of MW com-
ing from the parton distributions. Here we investigate the effect of the resummation
on the lepton rapidity distribution, although it is not one of those observables which
are most sensitive to the QT resummation, i.e. to the effect of multiple soft gluon
radiation.
The definition of the charge asymmetry is
A(y) =
dσ
dy+
− dσ
dy−
dσ
dy+
+
dσ
dy−
,
where y+ (y−) is the rapidity of the positively (negatively) charged particle (either
vector boson or decay lepton). Assuming CP invariance,4 the following relation holds:
dσ
dy+
(y) =
dσ
dy−
(−y).
Hence, the charge asymmetry is frequently written as
A(y) =
dσ
dy
(y > 0)− dσ
dy
(y < 0)
dσ
dy
(y > 0) +
dσ
dy
(y < 0)
.
For the charge asymmetry of the vector boson (W±) or the charged decay lepton (ℓ±),
the fixed order and the resummed O(αs) [or O(α2s)] results are the same, provided
4Here we ignore the small CP violating effect due to the CKM matrix elements in the SM.
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Figure 3.12: Lepton charge asymmetry distributions. (a) Without any kinematic
cuts, the NLO (long dashed) and the resummed O(αs) (solid) curves overlap and the
LO (short dashed) curve differs somewhat from them. (b) With cuts (QT < 30 GeV,
pe,νT > 25 GeV), the effect of the different QT distributions renders the lepton rapidity
asymmetry distributions different. The two resummed curves calculated with g2 =
0.58 and 0.78 GeV2 cannot be distinguished on this plot.
that there are no kinematic cuts imposed. This is because the shape difference in
the vector boson transverse momentum has been integrated out and the total cross
sections are the same up to higher order corrections in αs. In Fig. 3.12(a) we show
the lepton charge asymmetry without cuts for CTEQ4M PDF. The NLO and the
resummed curves overlap, although they differ from the O(α0s) prediction.
On the other hand, when kinematic cuts are applied to the decay leptons, the
rapidity distributions of the vector bosons or the leptons in the fixed order and the
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resummed calculations are different. Restriction of the phase space implies that only
part of the vector boson transverse momentum distribution is sampled. The differ-
ence in the resummed and the fixed order QT distributions will prevail as a difference
in the rapidity distributions of the charged lepton. We can view this phenomenon in
a different (a Monte Carlo) way. In the rest frame of theW±, the decay kinematics is
the same, whether it is calculated up to O(αs) or within the resummation formalism.
On the other hand, the W± rest frame is different for each individual Monte Carlo
event depending on the order of the calculation. This difference is caused by the
fact that the QT distribution of the W
± is different in the O(αs) and the resummed
calculations, and the kinematic cuts select different events in these two cases. Hence,
even though the QT distribution of the W
± is integrated out, when calculating the
lepton rapidity distribution, we obtain slightly different predictions in the two calcu-
lations. The difference is larger for larger |yℓ|, being closer to the edge of the phase
space, because the soft gluon radiation gives high corrections there and this effect up
to all order in αs is contained in the resummed but only up to order of αs in the
NLO calculation. Because the rapidity of the lepton and that of the vector boson
are highly correlated, large rapidity leptons mostly come from large rapidity vector
bosons. Also, a vector boson with large rapidity tends to have low transverse mo-
mentum, because the available phase space is limited to low QT for a W
± boson with
large |y|. Hence, the difference in the low QT distributions of the NLO and the re-
summed calculations yields the difference in the yℓ distribution for leptons with high
rapidities.
Asymmetry distributions of the charged lepton with cuts using the CTEQ4M PDF
are shown in Fig. 3.12(b). The applied kinematic cuts are: QT < 30 GeV, p
e+,ν
T > 25.
These are the cuts that CDF used when extracted the lepton rapidity distribution
from their data [88]. We have checked that the ResBos fixed order O(αs) curve agrees
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well with the DYRAD [80] result. As anticipated, the O(α0s), O(αs) and resummed
results deviate at higher rapidities (|ye| > 1.5).5 The deviation between the NLO and
the resummed curves indicates that to extract information on the PDF in the large
rapidity region, the resummed calculation, in principle, has to be used if the precision
of the data is high enough to distinguish these predictions. Fig. 3.12(b) also shows the
negligible dependence of the resummed curves on the non-perturbative parameter g2.
We plot the result of the resummed calculations with the nominal g2 = 0.58 GeV
2,
and with g2 = 0.78 GeV
2 which is two standard deviations higher. The deviation
between these two curves (which is hardly observable on the figure) is much smaller
than the deviation between the resummed and the NLO ones.
There is yet another reason why the lepton charge asymmetry can be reliably pre-
dicted only by the resummed calculation. When calculating the lepton distributions
in a numerical O(αs) code, one has to artificially divide the vector boson phase space
into hard and soft regions, depending on – for example – the energy or the QT of the
emitted gluon (e.g. qq → W+ hard or soft gluon). The observables calculated with
this phase space slicing technique acquire a dependence on the scale which separates
the hard from the soft regions. For example, when the phase space is divided by the
QT separation, the dependence of the asymmetry on the scale Q
Sep
T can be comparable
to the difference in the O(αs) and the resummed results. This means that there is
no definite prediction from the NLO calculation for the lepton rapidity distribution.
Only the resummed calculation can give an unambiguous prediction for the lepton
charge asymmetry.
Before closing this section, we also note that although in the lepton asymmetry
distribution the NLO and resummed results are about the same for |ye+| < 1, it
5As indicated before, here and henceforth, unless specified otherwise, by a resummed calculation
we mean our resummed O(α2s) result.
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Figure 3.13: Distributions of positron rapidities from the decays ofW+’s produced at
the Tevatron, predicted by the resummed (solid) and the NLO (dashed) calculations
with the same kinematic cuts as for the asymmetry plot.
does not imply that the rapidity distributions of the leptons predicted by those two
theory models are the same. As shown in Fig. 3.13, this difference can in principle be
observable with a large statistics data sample and a good knowledge of the luminosity
of the colliding beams.
3.2.2 Transverse Mass Distribution
Since the invariant mass of the W± boson cannot be reconstructed without knowing
the longitudinal momentum of the neutrino, one has to find a quantity that allows
an indirect determination of the mass of the W± boson. In the discovery stage of the
W± bosons at the CERN SppS collider, the mass and width were measured using
the transverse mass distribution of the charged lepton-neutrino pair from the W±
boson decay. Ever since the early eighties, the transverse mass distribution, mT =√
2peTp
ν
T (1− cos∆φeν), has been known as the best measurable for the extraction
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of both MW and ΓW , for it is insensitive to the transverse momentum of the W
±
boson. The effect of the non-vanishing vector boson transverse momentum on the mT
distribution was analyzed [91, 92] well before the QT distribution of the W
± boson
was correctly calculated by taking into account the multiple soft gluon radiation.
Giving an average transverse boost to the vector boson, the authors of Ref. [91]
concluded that for the fictive case of ΓW = 0, the end points of the transverse mass
distribution are fixed at zero: dσ/dm2T (m
2
T = 0) = dσ/dm
2
T (m
2
T = M
2
W ) = 0. The
sensitivity of the mT shape to a non-zero QT is in the order of 〈(QT/MW )2〉 ≈1%
without affecting the end points of the mT distribution. Including the effect of the
finite width of the W± boson, the authors in Ref. [92] showed that the shape and the
location of the Jacobian peak are not sensitive to the QT of the W
± boson either.
The non-vanishing transverse momentum of theW± boson only significantly modifies
the mT distribution around mT = 0.
Our results confirm that the shape of the Jacobian peak is quite insensitive to
the order of the calculation. We show the NLO and the resummed transverse mass
distributions in Fig. 3.14 forW± bosons produced at the Tevatron with the kinematic
cuts: QT < 30 GeV, p
e+,ν
T > 25 GeV and |ye+| < 3.0. Fig. 3.14(a) covers the full
(experimentally interesting) mT range while Fig. 3.14(b) focuses on the mT range
which contains most of the information about the W± mass. There is little visible
difference between the shapes of the NLO and the resummed mT distributions. On
the other hand, the right shoulder of the curve appears to be “shifted” by about 50
MeV, because, as noted in Section 3.1.3, the total cross sections are different after
the above cuts imposed in the NLO and the resummed calculations. At Run 2 of the
Tevatron, with large integrated luminosity (∼ 2 fb−1), the goal is to extract the W±
boson mass with a precision of 30-50 MeV from the mT distribution [89]. Since MW
is sensitive to the position of the Jacobian peak [92], the high precision measurement
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Figure 3.14: Transverse mass distribution for W+ production and decay at the 1.8
TeV Tevatron.
of the W± mass has to rely on the resummed calculations.
The extraction ofMW from the transverse mass distribution has some drawbacks.
The reconstruction of the transverse momentum pνT of the neutrino involves the mea-
surement of the underlying event transverse momentum: ~p νT = −~p ℓT − ~p recoilT −
~p underlying eventT . This resolution degrades by the number of interactions per crossing
(NIc) [89]. With a high luminosity (∼ 100 fb−1) at the 2 TeV Tevatron (TEV33) [93],
NIc can be as large as 10, so that the Jacobian peak is badly smeared. This will lead
to a large uncertainty in the measurement ofMW . For this reason the systematic pre-
cision of the mT reconstruction will be less at the high luminosity Tevatron, and an
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MW measurement that relies on the lepton transverse momentum distribution alone
could be more promising. We discuss this further in the next section.
The theoretical limitation on the MW measurement using the mT distribution
comes from the dependence on the non-perturbative sector, i.e. from the PDF’s and
the non-perturbative parameters in the resummed formalism. Assuming the PDF’s
and these non-perturbative parameters to be independent variables, the uncertainties
introduced are estimated to be less than 50 MeV and 10 MeV, respectively, at the
TEV33 [81, 94]. It is clear that the main theoretical uncertainty comes from the
PDF’s. As to the uncertainty due to the non-perturbative parameters (e.g. g2) in
the CSS resummation formalism, it can be greatly reduced by carefully study the QT
distribution of the Z0 boson which is expected to be copiously produced at Run 2
and beyond.
The MW measurement at the LHC may also be promising. Both ATLAS and
CMS detectors are well optimized for measuring the leptons and the missing ET [94].
The cross section of the W+ boson production is about four times larger than that at
the Tevatron, and in one year of running with 20 fb−1 luminosity yields a few times
107 W → ℓν events after imposing similar cuts to those made at the Tevatron. Since
the number of interactions per crossing may be significantly lower (in average NIc
= 2) at the same or higher luminosity than that at the TEV33 [94], the Jacobian
peak in the mT distribution will be less smeared at the LHC than at the TEV33.
Furthermore, the non-perturbative effects are relatively smaller at the LHC because
the perturbative Sudakov factor dominates. On the other hand, the probed region of
the PDF’s at the LHC has a lower value of the average x (∼ 10−3) than that at the
Tevatron (∼ 10−2), hence the uncertainty from the PDF’s might be somewhat larger.
A more detailed study of this subject is desirable.
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3.2.3 Lepton Transverse Momentum
Due to the limitations mentioned above, the transverse mass method may not be
the only and the most promising way for the precision measurement of MW at some
future hadron colliders. As discussed above, the observable mT was used because of
its insensitivity to the high order QCD corrections. In contrast, the lepton transverse
momentum (pℓT ) distribution receives a large, O (〈QT/MW 〉) ∼ 10%, perturbative
QCD correction at the order αs, as compared to the Born process. With the resummed
results in hand it becomes possible to calculate the pℓT distribution precisely within the
perturbative framework, and to extract the W± mass straightly from the transverse
momentum distributions of the decay leptons.
Just like in the mT distribution, the mass of the W
± boson is mainly determined
by the shape of the distribution near the Jacobian peak. The location of the maximum
of the peak is directly related to the W± boson mass, while the theoretical width of
the peak varies with its decay width ΓW . Since the Jacobian peak is modified by
effects of both QT and ΓW , it is important to take into account both of these effects
correctly. In our calculation (and in ResBos) we have properly included both effects.
The effect of resummation on the transverse momentum distribution of the charged
lepton from W+ and Z0 decays is shown in Fig. 3.15. The NLO and the resummed
distributions differ a great amount even without imposing any kinematic cuts. The
clear and sharp Jacobian peak of the NLO distribution is strongly smeared by the
finite transverse momentum of the vector boson introduced by multiple gluon radia-
tion. This higher order effect cannot be correctly calculated in any finite order of the
perturbation theory and the resummation formalism has to be used.
One of the advantages of using the pℓT distribution to determine MW is that there
is no need to reconstruct the pνT distribution which potentially limits the precision
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Figure 3.15: Transverse momentum distributions of pe
+
T from W
+ and Z0 decays for
the NLO (dashed) and the resummed O(αs) (solid) calculations. Resumming the
initial state multiple soft-gluon emission has the typical effect of smoothening and
broadening the Jacobian peak (at pe
+
T = MV /2). The CDF cuts are imposed on the
W+ distributions, but there are no cuts on the Z0 distributions.
of the mT method. From the theoretical side, the limitation is in the knowledge
of the non-perturbative sector. Studies at DØ [95] show that the pℓT distribution
is most sensitive to the PDF’s and the value of the non-perturbative parameter g2.
The pℓT distribution is more sensitive to the PDF choice, than the mT distribution
is. The uncertainty in the PDF causes an uncertainty in MW of about 150 MeV,
which is about three times as large as that using the mT method [95]. A 0.1 GeV
2
uncertainty in g2 leads to about ∆MW = 30 MeV uncertainty from the p
ℓ
T fit, which
is about five times worse than that from the mT measurement [95]. Therefore, to
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improve the MW measurement, it is necessary to include the Z
0 data sample at the
high luminosity Tevatron to refit the gi’s and obtain a tighter constrain on them
from the QT distribution of the Z
0 boson. The DØ study showed that an accuracy
of ∆g2 = 0.01 GeV
2 can be achieved with Run 2 and TeV33 data, which would
contribute an error of ∆MW < 5 MeV from the p
ℓ
T [95]. In this case the uncertainty
coming from the PDF’s remains to be the major theoretical limitation. At the LHC,
the pℓT distribution can be predicted with an even smaller theoretical error coming
from the non-perturbative part, because at higher energies the perturbative Sudakov
factor dominates over the non-perturbative function.
It was recently suggested to extractMW from the ratios of the transverse momenta
of leptons produced in W± and Z0 decay [96]. The theoretical advantage is that the
non-perturbative uncertainties are decreased in such a ratio. On the other hand, it
is not enough that the ratio of cross sections is calculated with small theoretical er-
rors. For a precision extraction of the W± mass the theoretical calculation must be
capable of reproducing the individually observed transverse momentum distributions
themselves. The W± mass measurement requires a detailed event modeling, under-
standing of detector resolution, kinematical acceptance and efficiency effects, which
are different for the W± and Z0 events, as illustrated above. Therefore, the ratio of
cross sections can only provide a useful check for the W± mass measurement.
For Drell-Yan events or lepton pairs from Z0 decays, additional measurable quan-
tities can be constructed from the lepton transverse momenta. They are the distribu-
tions in the balance of the transverse momenta (∆pT = |~p ℓ1T | − |~p ℓ¯2T |) and the angular
correlation of the two lepton momenta (z = −~p ℓ1T · ~p ℓ¯2T /[max(p ℓ1T , p ℓ¯2T )]2). It is ex-
pected that these quantities are also sensitive to the effects of the multiple soft gluon
radiation. These distributions are shown in Figure 3.16. As shown, the resummed
distributions significantly differ from the NLO ones. In these, and the following fig-
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Figure 3.16: Balance in transverse momentum ∆pT = |~p ℓ1T | − |~p ℓ¯2T | and angular cor-
relation z = −~p ℓ1T · ~p ℓ¯2T /[max(pℓ1T , pℓ¯2T )]2 of the decay leptons from Z0 bosons produced
at the Tevatron.
ures for Z0 decay distributions, it is understood that the following kinematic cuts
are imposed: QZ
0
T < 30 GeV, p
e+,e−
T > 25 GeV and |ye+,e−| < 3.0, unless indicated
otherwise.
3.2.4 Lepton Angular Correlations
Another observable that can serve to test the QCD theory beyond the fixed-order
perturbative calculation is the difference in the azimuthal angles of the leptons ℓ1
and ℓ¯2 from the decay of a vector boson V . In practice, this can be measured for
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Figure 3.17: The correlation between the lepton azimuthal angles near the region
∆φ ∼ π for pp¯ → (Z0 → e+e−)X. The resummed (solid) distribution gives the
correct angular correlation of the lepton pair. The NLO (dashed lines) distribution
near ∆φ = π is ill-defined and depends on QSepT (the scale for separating soft and
hard gluons in the NLO calculation). The two NLO distributions were calculated
with QSepT = 1.2 GeV (long dash) and Q
Sep
T = 2.0 GeV (short dash).
γ∗orZ0 → ℓ1ℓ¯2. We show in Fig. 3.17 the difference in the azimuthal angles of e+
and e− (∆φe
+e−), measured in the laboratory frame for Z0 → e+e−, calculated in the
NLO and the resummed approaches. As indicated, the NLO result is ill-defined in
the vicinity of ∆φ ∼ π, where the multiple soft-gluon radiation has to be resummed
to obtain physical predictions.
Another interesting angular variable is the lepton polar angle distribution cos θ∗ℓ
in the Collins-Soper frame. It can be calculated for the Z0 decay and used to ex-
tract sin2 θw at the Tevatron [97]. The asymmetry in the polar angle distribution
is essentially the same as the forward-backward asymmetry AFB measured at LEP.
Since AFB depends on the invariant mass Q and around the energy of the Z
0 peak
AFB happens to be very small, the measurement is quite challenging. At the hadron
collider, on the other hand, the invariant mass of the incoming partons is distributed
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Figure 3.18: Distribution of the e+ polar angle cos(θ∗) in the Collins-Soper frame
from Z0 decays at the Tevatron with cuts indicated in the text.
over a range so the asymmetry is enhanced [98]. The potentials of the measurement
deserve a separated study. In Fig. 3.18 we show the distributions of cos θ∗ℓ predicted
from the NLO and the resummed results.
3.3 Conclusions
With a 100 pb−1 luminosity at the Tevatron, around 2×106 W± and 6×105 Z0 bosons
are produced, and the data sample will increase by a factor of 20 in the Run 2 era. In
view of this large event rate, a careful study of the distributions of leptons from the
decay of the vector bosons can provide a stringent test of the rich dynamics of the
multiple soft gluon emission predicted by the QCD theory. Since an accurate deter-
mination of the mass of the W± boson and the test of parton distribution functions
demand a highly precise knowledge of the kinematical acceptance and the detection
efficiency of W± or Z0 bosons, the effects of the multiple gluon radiation have to
be taken into account. In this work, we have extended the formalism introduced by
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Collins, Soper and Sterman for calculating an on-shell vector boson to include the ef-
fects of the polarization and the decay width of the vector boson on the distributions
of the decay leptons. Our resummation formalism can be applied to any vector boson
V where V = γ∗, W±, Z0, W ′, Z ′, etc., with either vector or axial-vector couplings
to fermions (leptons or quarks). To illustrate how the multiple gluon radiation can
affect the distributions of the decay leptons, we studied in detail various distributions
for the production and the decay of the vector bosons at the Tevatron.
One of the methods to test the rich dynamics of the multiple soft gluon radiation
predicted by the QCD theory is to measure the ratio RCSS ≡ σ(QT>Q
min
T
)
σTotal
for the
W± and Z0 bosons. We found that, for the vector boson transverse momentum
less than about 30GeV, the difference between the resummed and the fixed order
predictions (either at the αs or α
2
S order) can be distinguished by experimental data.
This suggests that in this kinematic region, the effects of the multiple soft gluon
radiation are important, hence, the QT distribution of the vector boson provides
an ideal opportunity to test this aspect of the QCD dynamics. For QT less than
about 10 GeV, the distribution of QT is largely determined by the non-perturbative
sector of QCD. At the Tevatron this non-perturbative physics, when parametrized
by Eq. (2.10) for W± and Z0 production, is dominated by the parameter g2 which
was shown to be related to properties of the QCD vacuum [71]. Therefore, precisely
measuring the QT distribution of the vector boson in the low QT region, e.g. from the
ample Z0 events, can advance our knowledge of the non-perturbative QCD physics.
Although the rapidity distributions of the leptons are not directly related to the
transverse momentum of the vector boson, they are predicted to be different in the
resummed and the fixed order calculations. This is because to compare the theoreti-
cal predictions with the experimental data, some kinematic cuts have to be imposed
so that the signal events can be observed over the backgrounds. We showed that the
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difference is the largest when the rapidity of the lepton is near the boundary of the
phase space (i.e. in the large rapidity region), and the difference diminishes when no
kinematic cuts are imposed. When kinematic cuts are imposed another important
difference between the results of the resummed and the NLO calculations is the pre-
diction of the event rate. These two calculations predict different normalizations of
various distributions. For example, the rapidity distributions of charged leptons (yℓ
±
)
from the decays of W± bosons are different. They even differ in the central rapidity
region in which the lepton charge asymmetry distributions are about the same (cf.
Figs. 3.12 and 3.13). As noted in Ref. [90], with kinematic cuts, the measurement of
MW is correlated to that of the rapidity and its asymmetry through the transverse
momentum of the decay lepton. Since the resummed and the NLO results are differ-
ent and the former includes the multiple soft gluon emission dynamics, the resummed
calculation should be used for a precision measurement of MW .
In addition to the rapidity distribution, we have also shown various distributions of
the leptons which are either directly or indirectly related to the transverse momentum
of the vector boson. For those which are directly related to the transverse momentum
of the vector boson, such as the transverse momentum of the lepton and the azimuthal
correlation of the leptons, the resummation formalism predicts significant differences
from the fixed order perturbation calculations in some kinematic regions. The details
were discussed in Section 3.2.
As noted in the Introduction, a full event generator, such as ISAJET, can predict
a reasonable shape for various distributions because it contains the backward radia-
tion algorithm [79], which effectively includes part of the Sudakov factor, i.e. effects
of the multiple gluon radiation. However, the total event rate predicted by the full
event generator is usually only accurate at the tree level, as the short distance part of
the virtual corrections cannot yet be consistently implemented in this type of Monte
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Figure 3.19: Transverse momentum distribution of virtual photons in pp¯ → γ∗ →
e+e− events predicted by ResBos (solid curve) and ISAJET (histogram), calculated
for the invariant mass range 30 GeV < Q < 60 GeV at the 1.8 TeV Tevatron.
Carlo program. To illustrate the effects of the high order corrections coming from the
virtual corrections, which contribute to the Wilson coefficients C in our resumma-
tion formalism, we showed in Fig. 3.19 the predicted distributions of the transverse
momentum of the Drell-Yan pairs by ISAJET and by ResBos (our resummed cal-
culation). In this figure we have rescaled the ISAJET prediction to have the same
total rate as the ResBos result, so that the shape of the distributions can be directly
compared. We restrict the invariant mass of the virtual photons Q to be between
30 and 60 GeV without any kinematic cuts on the leptons. If additional kinematic
cuts on the leptons are imposed, then the difference is expected to be enhanced, as
discussed in Section 3.2.1. As clearly shown, with a large data sample in the future,
it will be possible to experimentally distinguish between these two predictions, and,
more interestingly, to start probing the non-perturbative sector of the QCD physics.
Chapter 4
Photon Pair Production In
Hadronic Interactions
An increasing amount of prompt diphoton data is becoming available from the Teva-
tron collider and the fixed–target experiments at Fermilab [99, 100, 101]. After the
upgrade of the Fermilab Tevatron the amount of the di-gauge boson data increases
by a factor of 20, and the LHC by three order of magnitude. A comparison of the
data to the calculation of the diphoton production rate and kinematic distributions
provides a test of many aspects of perturbative quantum chromodynamics (pQCD).
Furthermore, understanding the diphoton data is important for new physics searches.
For example, diphoton production is an irreducible background to the light Higgs
boson decay mode h → γγ. The next–to–leading order (NLO) cross section for the
pp¯→ γγX process [102] was shown to describe well the invariant mass distribution of
the diphoton pair after the leading order (LO) gg → γγ contribution (from one–loop
box diagrams) was included [103, 50]. However, to accurately describe the distribu-
tion of the transverse momentum of the photon pair and the kinematical correlation
of the two photons, a calculation has to be performed that includes the effects of
initial–state multiple soft–gluon emission.
In this Section, we extend the Collins–Soper–Sterman (CSS) soft gluon resumma-
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tion formalism, to describe the production of photon pairs. This extension is similar
to the formalism developed for describing the distribution of the leptons from vector
boson decays in Chapter 2, because the final state of the diphoton process is also a
color singlet state at LO. Initial–state multiple soft–gluon emission in the scattering
subprocesses qq¯, qg and gg → γγX is resummed by treating the photon pair γγ sim-
ilarly to the Drell–Yan photon γ∗. In addition, there are contributions in which one
of the final photons is produced through a long–distance fragmentation process. An
example is qg → γq followed by the fragmentation of the final state quark q → γX.
An earlier study of soft–gluon resummation effects in photon pair production may be
found in Ref. [104].
The results of the calculation are compared with CDF [99] and DØ [100] data
taken at the collider energy
√
S = 1.8 TeV. A prediction for the production rate
and kinematic distributions of the diphoton pair in proton–nucleon interactions at
the fixed–target energy
√
S = 31.5 GeV, appropriate for the E706 experiment at
Fermilab [101], is also presented.
4.1 Diphoton Production at Fixed Order
The leading order (LO) subprocesses for diphoton production in hadron interactions
are of order α2em, where αem denotes the electromagnetic coupling strength. There are
three classes of LO partonic contributions to the reaction h1h2 → γγX, where h1 and
h2 are hadrons, illustrated in Fig. (4.1a)–(4.1c). The first (4.1a) is the short–distance
qq¯ → γγ subprocess. The second (4.1b) is the convolution of the short–distance
qg → γq subprocess with the long–distance fragmentation of the final state quark
q → γX. This is a LO contribution since the hard scattering is of order αemαs, while
fragmentation is effectively of order αem/αs. Here, αs denotes the QCD coupling
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Figure 4.1: Feynman diagrams representing the leading order and next–to–leading
order contributions to photon pair production in hadron collisions. The shaded circles
signify the production of long–distance fragmentation photons, which are described
by the fragmentation function Dγ←q.
strength. Class (4.1b) also includes the subprocess qq¯ → γg convoluted with the
fragmentation g → γX. Finally, there are LO contributions (4.1c) involving subpro-
cesses like qq → qq, where both final state quarks fragment q → γX. The transverse
momenta of the photons are denoted ~pT1 and ~pT2 , and the transverse momentum of
the pair is ~QT = ~pT1 + ~pT2 . In the absence of transverse momentum carried by the
incident partons, the LO process (4.1a) provides ~QT = 0. With the added assumption
of collinear final–state fragmentation, (4.1b) provides ~QT = ~pT1 + ~pT2 = (1 − z)~pT1 ,
where photon 2 carries a fraction z of the momentum of the final–state quark. Given
a lower limit on the magnitude of the transverse momentum pγT of each photon, the
total cross section at LO is finite.
The next–to–leading order (NLO) subprocesses for diphoton production are of
order α2emαs. One class of one–loop Feynman diagrams (4.1d) contributes by inter-
fering with the tree level diagram (4.1a). Real gluon emission (4.1e) is also present at
NLO. The subprocess qg → γγq contains a singular piece (4.1f) that renormalizes the
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lower order fragmentation (4.1b) and a piece (4.1g) that is free of final–state collinear
singularities. Finally, subprocesses like qq → qqγγ contain a regular piece involv-
ing photon emission convoluted with a fragmentation function (4.1h) and pieces that
renormalize the double fragmentation process (4.1c). The regular 3–body final state
contributions from (4.1e), (4.1f), and (4.1g) provide ~QT = −~pTj , where j represents
the final–state quark or gluon. The full set of NLO contributions just described is
free of final–state singularities, and the total integrated cross section at NLO is finite
for a finite lower limit on each pγT .
Higher order calculations in αs improve the accuracy of predictions for total cross
sections involving quarks or gluons when only one hard scale Q is relevant. For
h1h2 → γγX, this scale can be chosen proportional to the invariant mass of the
photon pair, Q =Mγγ , which is about equal to 2p
γ
T for two well separated photons in
the central rapidity region. For kinematic distributions that depend on more than one
scale, a NLO calculation may be less reliable. This is the case for the distribution of
the transverse momentum of the photon pair, QT = | ~QT |. Similarly to the Drell-Yan
pair, at fixed Q, the behavior of the fixed order differential cross section for small QT
is
lim
QT→0
dσ
dQ2T
=
∞∑
n=0
2n−1∑
m=0
(
αs
π
)n
nvm
Q2T
lnm
(
Q2
Q2T
)
+O
(
1
QT
, δ(QT )
)
, (4.1)
where nvm are calculable perturbatively. The structure of Eq. (4.1) indicates that the
fixed order QCD prediction is reliable when QT ≃ Q, but becomes less reliable when
QT ≪ Q, where ln(Q2/Q2T ) becomes large. In the region QT ≪ Q, the photon pair
is accompanied by soft and/or collinear gluon radiation. To calculate distributions
like
dσ
dQ2T
reliably in the region QT ≪ Q, effects of multiple soft gluon emission must
be taken into account. The contributions (4.1e) and (4.1g) exhibit singular behavior
that can be tamed by resummation of the effects of initial–state multiple soft–gluon
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radiation to all orders in αs. Other contributions that do not become singular as
QT → 0 do not need to be treated in this manner. Fragmentation contributions like
(4.1b) are found to be small in magnitude after isolation restrictions are imposed on
the energy of the hadronic remnant from the fragmentation. Therefore, contributions
like (4.1c) and (4.1h) are ignored in this work. Gluon fragmentation to a photon can
be ignored, since its magnitude is small.
The subprocess gg → γγ, involving a quark box diagram, is of order α2emα2s.
While formally of even higher order than the NLO contributions considered so far,
this LO gg contribution is enhanced by the size of the gluon parton distribution
function. Consideration of the order α2emα
3
s correction leads to resummation of the
gg subprocess in a manner analogous to the qq¯ resummation.
4.2 Extension of the Resummation Formalism
4.2.1 The Resummation Formula
To improve upon the prediction of Eq. (4.1) for the region QT ≪ Q, perturba-
tion theory can be applied using an expansion parameter αms ln
n(Q2/Q2T ), with n =
0, . . . , 2m− 1, instead of αms . The terms αms lnn(Q2/Q2T ) represent the effects of soft
gluon emission at order αms . Resummation of the singular part of the perturbative
series to all orders in αs by Sudakov exponentiation yields a regular differential cross
section as QT → 0.
The differential cross section in the CSS resummation formalism for the production
of photon pairs in hadron collisions is given by Eq. (2.4), with the changes ofMV = 0
and ΓV = 0:
dσ(h1h2 → γ1γ2X)
dQ2 dy dQ2T d cos θ dφ
=
1
48πS
1
Q2
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×
 1(2π)2
∫
d2b ei
~QT ·~b ∑
i,j
W˜ij(b∗, Q, x1, x2, θ, φ, C1, C2, C3) W˜NPij (b, Q, x1, x2)
+ Y (QT , Q, x1, x2, θ, φ, C4)} . (4.2)
The variables Q, y, and QT here denote the invariant mass, rapidity, and transverse
momentum of the photon pair in the laboratory frame, while θ and φ are the polar and
azimuthal angle of one of the photons in the Collins–Soper frame [52]. The initial–
state parton momentum fractions are defined as x1 = e
yQ/
√
S, and x2 = e
−yQ/
√
S,
and
√
S is the center–of–mass (CM) energy of the hadrons h1 and h2.
The renormalization group invariant quantity W˜ij(b) sums the large logarithmic
terms αms ln
n(b2Q2) to all orders in αs. For a hard scattering process initiated by the
partons i and j,
W˜ij(b, Q, x1, x2, θ, φ, C1, C2, C3) = exp {−Sij(b, Q, C1, C2)}
×
[
Ci/h1(x1)Cj/h2(x2) + Cj/h1(x1)Ci/h2(x2)
]
Fij(αem(C2Q), αs(C2Q), θ, φ),(4.3)
where the Sudakov exponent Sij(b, Q, C1, C2) is defined by Eq. (2.6), and Ci/h(x)
denotes the convolution of the perturbative Wilson coefficient functions C
(n)
ij with
parton distribution functions fa/h as given by Eq. (2.8). The Aij and Bij coefficients
of the Sudakov exponent and the functions Cij are calculated perturbatively in powers
of αs/π as in Eq. (2.13). The kinematic factor Fij will be defined later for each
particular partonic process.
The dimensionless constants C1, C2 and C3 ≡ µb were introduced in the solution
of the renormalization group equations for W˜ij . The constant C1 determines the onset
of non-perturbative physics, C2 specifies the scale of the hard scattering process, and
µ = C3/b is the factorization scale at which the C
(n)
ij functions are evaluated. We use
the conventional choice of the renormalization constants: C1 = C3 = 2e
−γE ≡ b0 and
C2 = C4 = 1 [46], where γE is the Euler constant.
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As in the case of lepton pair production, in Eq. (4.2), the impact parameter b is
to be integrated from 0 to∞. However, for b ≥ bmax, which corresponds to an energy
scale less than 1/bmax, the QCD coupling αs(µ¯ ∼ 1/b) becomes so large that a per-
turbative calculation is no longer reliable, and non-perturbative physics must set in.
The non-perturbative physics in this region is described by the empirically fit function
W˜NPij [105, 73], and W˜ij is evaluated at a revised value of b, b∗ =
b√
1 + (b/bmax)2
,
where bmax is a phenomenological parameter used to separate long and short distance
physics. With this change of variable, b∗ never exceeds bmax; bmax is a free parameter
of the formalism [107] that can be constrained by other data (e.g. Drell–Yan).
The function Y in Eq. (4.2) contains contributions in the full NLO perturbative
calculation that are less singular than Q−2T or Q
−2
T ln(Q
2/Q2T ) as QT → 0 (both
the factorization and the renormalization scales are chosen to be C4Q). It is the
difference between the exact perturbative result to a given order and the result from
W˜ij expanded to the same fixed order (called the asymptotic piece). The function
Y restores the regular contribution in the fixed order perturbative calculation that
is not included in the resummed piece W˜ij. It does not contain a contribution from
final–state fragmentation, which is included separately as described in Section 4.2.4.
The CSS formula Eq. (4.2) contains many higher–order logarithmic terms, such
that when QT ∼ Q, the resummed differential cross section can become negative in
some regions of phase space. In this calculation, the fixed–order prediction for the
differential cross section is used for QT >∼ Q whenever it is larger than the prediction
from Eq. (4.2). The detailed properties of this matching prescription can be found in
Ref. [108].
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4.2.2 Resummation for the qq¯ → γγ subprocess
For the qq¯ → γγ subprocess, the application of the CSS resummation formalism
is similar to the Drell–Yan case qq¯ (
′) → V ∗ → ℓ1ℓ¯2, where ℓ1 and ℓ2 are leptons
produced through a gauge boson V ∗ [108]. Since both processes are initiated by qq¯ (
′)
color singlet states, the A(1), A(2) and B(1) coefficients in the Sudakov form factor are
identical to those of the Drell–Yan case when each photon is in the central rapidity
region with large transverse momentum and is well separated from the other photon.
This universality can be understood as follows. The invariants sˆ, tˆ and uˆ are defined
for the q(p1)q¯(p2)→ γ(p3)γ(p4) subprocess as
sˆ = (p1 + p2)
2, tˆ = (p1 − p3)2, uˆ = (p2 − p3)2.
The transverse momentum of each photon can be written as pγT =
√
tˆuˆ/sˆ. When pγT is
large, tˆ and uˆ must also be large, so the virtual–quark line connecting the two photons
is far off the mass shell, and the leading logarithms due to soft gluon emission beyond
the leading order can be generated only from the diagrams in which soft gluons are
connected to the incoming (anti–)quark. To obtain the B(2) function, it is necessary
to calculate beyond NLO, so it is not included in this calculation. However, the
Sudakov form factor becomes more accurate when more terms are included in Aij
and Bij . Since the universal functions A
(n)
ij depend only on the flavor of the incoming
partons (quarks or gluons), A
(2)
qq¯ can be appropriated from Drell–Yan studies, and its
contribution is included in this work.
To describe the effects of multiple soft–gluon emission, Eq. (4.2) can be applied,
where i and j represent quark and anti–quark flavors, respectively, and
Fij = 2δij(g2L + g2R)2(1 + cos2 θ)/(1− cos2 θ).
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The couplings gL,R are defined through the qq¯γ vertex, written as
iγµ [gL(1− γ5) + gR(1 + γ5)] ,
with gL = gR = eQf/2, and eQf is the electric charge of the incoming quark (Qu =
2/3, Qd = −1/3). The explicit forms of the A and B coefficients used in the numerical
calculations are:
A
(1)
qq¯ (C1) = CF ,
A
(2)
qq¯ (C1) = CF
[(
67
36
− π
2
12
)
NC − 5
18
Nf − 2β1 ln
(
b0
C1
)]
,
B
(1)
qq¯ (C1, C2) = CF
[
−3
2
− 2 ln
(
C2b0
C1
)]
,
where Nf is the number of light quark flavors, NC = 3, CF = 4/3, and β1 = (11NC −
2Nf)/12.
To obtain the value of the total cross section to NLO, it is necessary to include
the Wilson coefficients C
(0)
ij and C
(1)
ij . These can be derived from the full set of LO
contributions and NLO corrections to γγ production [50]. After the leading order
and the one–loop virtual corrections to qq¯ → γγ and the tree level contribution from
qq¯ → γγg are included, the coefficients are:
C
(0)
jk (z, b, µ,
C1
C2
) = δjkδ(1− z),
C
(0)
jG (z, b, µ,
C1
C2
) = 0,
C
(1)
jk (z, b, µ,
C1
C2
) = δjkCF
{
1
2
(1− z)− 1
CF
ln
(
µb
b0
)
P
(1)
j←k(z)
+δ(1− z)
[
− ln2
(
C1
b0C2
e−3/4
)
+
V
4
+
9
16
]}
. (4.4)
After factorization of the final–state collinear singularity, as described below, the real
103
emission subprocess qg → γγq yields:
C
(1)
jG (z, b, µ,
C1
C2
) =
1
2
z(1− z)− ln
(
µb
b0
)
P
(1)
j←G(z).
In the above expressions, the splitting kernels [42] are given by Eq. 5.7. For photon
pair production, the function V is
Vγγ = −4 + π
2
3
+
uˆtˆ
uˆ2 + tˆ2
(
F virt(v)− 2
)
,
F virt(v) =
(
2 +
v
1− v
)
ln2(v) +
(
2 +
1− v
v
)
ln2(1− v)
+
(
v
1− v +
1− v
v
)(
ln2(v) + ln2(1− v)− 3 + 2π
2
3
)
+2 (ln(v) + ln(1− v) + 1) + 3
(
v
1− v ln(1− v) +
1− v
v
ln(v)
)
,(4.5)
where v = −uˆ/sˆ, and uˆ = −sˆ(1 + cos θ)/2 in the qq¯ center–of–mass frame. Because
of Bose symmetry, F virt(v) = F virt(1 − v). A major difference from the Drell–Yan
case (VDY = −8 + π2) is that Vγγ depends on the kinematic correlation between the
initial and final states through its dependence on uˆ and tˆ.
The non-perturbative function used in this study is the empirical fit [73]
W˜NPqq (b, Q,Q0, x1, x2) = exp
[
−g1b2 − g2b2 ln
(
Q
2Q0
)
− g1g3b ln (100x1x2)
]
,
where g1 = 0.11
+0.04
−0.03 GeV
2, g2 = 0.58
+0.1
−0.2 GeV
2, g3 = −1.5+0.1−0.1 GeV−1, and Q0 =
1.6 GeV. (The value bmax = 0.5 GeV
−1 was used in determining the above gi’s
and for the numerical results presented in this work.) These values were fit for the
CTEQ2M parton distribution function, with the conventional choice of the renormal-
ization constants, i.e. C1 = C3 = b0 and C2 = 1. In principle, these coefficients should
be refit for the CTEQ4M distributions [109] used in this study. The parameters of
Eq. (2.9) were determined from Drell–Yan data. It is assumed that the same values
should be applicable for the γγ final state.
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4.2.3 Contributions From qg Subprocesses
As described in Section 4.1, the complete NLO calculation of diphoton production
in hadron collisions includes photons from long–distance fragmentation processes like
(4.1b) and short–distance processes like (4.1f) and (4.1g). The latter processes yield a
regular 3–body final state contribution, while the former describes a photon recoiling
against a collinear quark and photon.
The singular part of the squared amplitude of the q(p1)g(p2) → γ(p3)γ(p4)q(p5)
subprocess can be factored into a product of the squared amplitude of q(p1)g(p2)→
γ(p3)q(p4+5) and the splitting kernel for q(p4+5) → γ(p4)q(p5). In the limit that the
emitted photon γ(p4) is collinear with the final state quark q(p5):
lim
p4‖p5
|M (q(p1)g(p2)→ γ(p3)γ(p4)q(p5))|2 =
e2
p4 · p5P
(1)
γ←q (z) |M (q(p1)g(p2)→ γ(p3)q(p4+5))|2 . (4.6)
A similar result holds when p3 and p5 become collinear and/or the quark is re-
placed with an anti–quark. Conventionally, the splitting variable z is the light–cone
momentum fraction of the emitted photon with respect to the fragmenting quark,
z = p+4 /(p
+
4 + p
+
5 ), where p
+
i =
(
p
(0)
i + p
(3)
i
)
/
√
2. (p
(0)
i is the energy and p
(3)
i is the
longitudinal momentum component along the moving direction of the fragmenting
quark in the qg center-of-mass frame.) Alternatively, since the final state under con-
sideration contains only a fragmenting quark and a spectator, a Lorentz invariant
splitting variable can be defined as: [110]
z˜ = 1− pi · pk
pj · pk + pi · pk + pi · pj .
In this notation, i = 5 is the fragmentation quark, j is the fragmentation photon, and
k is the prompt spectator photon. When the pair ij becomes collinear, z˜ becomes
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the same as the light–cone momentum fraction z carried by the photon. Aside from
the color factor, P (1)γ←q(z) in Eq. (4.6) is the usual DGLAP splitting kernel for q → gq
P (1)γ←q(z) =
(
1 + (1− z)2
z
)
.
The regular contribution qg → γγq (4.1f) is defined by removing the final–state,
collinear singularity from the full amplitude of the partonic subprocess. The matrix
element squared for (4.1f) can be written [110]:
|M (qg → γγq)|2reg =
|M (qg → γγq)|2full −
e2
p4 · p5P
(1)
γ←q (z˜) |M (q(p1)g(p2)→ γ(p3)q(p4+5))|2 . (4.7)
After the final–state collinear singularity is subtracted, the remainder expresses the
regular 3–body final state contribution γγq. This remainder, as shown in (4.1g),
contains terms that diverge when QT → 0 which should be regulated by renormalizing
the parton distribution at the NLO. The contribution from this divergent part is
included in the resummed qq¯ cross section in C
(1)
jG , as shown in Eq. (4.2.2). The
part that is finite as QT → 0 is included in the function Y . When QT >∼ Q, Eq. (4.7)
describes the NLO contribution from the qg → γγq subprocess to the QT distribution
of the photon pair. The subtracted final–state collinear singularity from the NLO
qg → γγq subprocess is absorbed into the fragmentation process (4.1b).
4.2.4 Fragmentation Contributions
Final–state photon fragmentation functions Dγ/i(z, µ
2
F ) are introduced in an analo-
gous manner to initial–state parton distribution functions fi/h1(x, µ
2
I). Here, z(x) is
the light–cone momentum fraction of the fragmenting quark (incident hadron) carried
by the photon (initial–state parton), and µF (µI) is the final state (initial state) frag-
mentation (factorization) scale. The parton–level cross section for the fragmentation
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contribution (4.1b) is evaluated from the general expression for a hard scattering to
a parton m, which then fragments to a photon:
dσˆ =
1
2sˆ
|M(p1p2 → p3 . . . pm)|2d(m−2)[PS]dzDγ/m(z, µ2F ).
Here, M is the matrix element for the hard scattering subprocess, d(m−2)[PS] is the
m − 2–body phase space, and an integral is performed over the photon momentum
fraction z weighted by the fragmentation function Dγ/m(z, µ
2
F ). Since fragmentation
is computed here to LO only, the infrared divergences discussed by Berger, Guo and
Qiu are not an issue [111].
The fragmentation function Dγ←q obeys an evolution equation, and the leading–
logarithm, asymptotic solution DLLγ/q is [50]:
DLLγ/q(z, µ
2
F ) =
αem
2π
ln
(
µ2F
Λ2QCD
)
D(1)γ←q(z),
zD(1)γ←q(z) =
Q2q(2.21− 1.28z + 1.29z2)z0.049
1− 1.63 ln(1− z) + 0.0020(1− z)
2.0z−1.54, (4.8)
where ΛQCD is the QCD scale for four light quark flavors. As shown in Fig. 4.2, the
collinear approximation made in defining Dγ←q leads to kinematic distributions with
an unrealistic sensitivity to kinematic cuts, such as cuts to define an isolated photon.
The Monte Carlo showering method goes beyond the collinear approximation used
in solving the evolution equation for the fragmentation functionDγ←q. In Monte Carlo
calculations, the probability for photon emission is determined from the splitting
function Pγ←q(z), which is a collinear approximation. However, the kinematics are
treated by assigning a virtuality to the fragmenting quark whose value lies between
the hard scale of the process and a phenomenological cutoff ∼ 1 GeV. This cutoff
replaces the parameter ΛQCD in Eq. (4.8). Most importantly, gluon emission can
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Figure 4.2: Comparison of the parton–level and Monte Carlo fragmentation con-
tributions at the Tevatron. The upper and lower curves of the same type show the
contribution before and after an isolation cut. The left figure shows the transverse
momentum of the photon pair QT . The right figure shows the light–cone momentum
fraction carried by the fragmentation photon.
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be incorporated into the description of final state fragmentation. Because there is
no collinear approximation in the kinematics, kinematic distributions do not exhibit
the unrealistic behavior of the parton–level calculation. The “correctness” of either
approach can be judged only after a careful comparison of their respective predictions.
The collinear approximation becomes an issue because of the experimental def-
inition of isolated photons. Experimentally, an isolation cut is necessary to sepa-
rate prompt photons from various hadronic backgrounds, including π◦ and η me-
son decays. The separation between a particle j and the photon is expressed as
Rj =
√
(η − ηj)2 + (φ− φj)2, where the coordinates η(ηj) and φ(φj) are the pseu-
dorapidity and azimuthal angle of the photon (particle j). At hadron colliders, the
standard isolation criterion is that the sum of excess transverse energy ET contained
inside a cone of size R0 centered on the photon candidate is below a cutoff E
iso
T ,∑
Rj<R0
EjT < E
iso
T . The sum is over each particle j. Since the resummed CSS piece
of the final state cross section describes the radiation of multiple soft gluons approx-
imately collinear with the incident partons, it produces only isolated photons. For
NLO γγj final states (4.1e), (4.1f), and (4.1g), where there is only one extra parton
j = q or g, isolation enforces a separation Rj ≥ R0, provided that pTj > EisoT . Above
QT = E
iso
T , the perturbative corrections contained in the function Y are affected by
isolation. On the other hand, because of the collinear approximation, the parton–
level fragmentation calculation based on Eq. (4.8) does not depend on the isolation
cone R0; the hadronic remnant of the fragmentation (4.1b) always satisfies R < R0.
Hence, for this case, ~QT = (1− z)~pT1 , and the isolation cut reduces to a step function
requirement θ(EisoT −QT ).
The parton–level calculation of the fragmentation contribution at the Tevatron
based on the fragmentation function Dγ←q(z, µ2F ) has been compared with a Monte
Carlo estimate based on PYTHIA [77]. For the parton–level calculation, the scale
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µF =Mγγ is used. For the PYTHIA calculation, the scale is µF =
√
sˆ, and hadroniza-
tion is not performed, so that no photons arise from π◦ or η meson decays, for example.
For this comparison, the invariant mass
√
sˆ of the hard–scattering subprocess is lim-
ited to 20 <
√
sˆ < 50 GeV in both approaches, and the photons are required to
satisfy pγT > 5 GeV and |ηγ| < 2. These kinematic cuts are chosen to increase the
statistics of the PYTHIA calculation, while reflecting the kinematic region of interest
for a comparison with data. PYTHIA can simulate the QED and QCD showering
of the final–state quark as well as the QCD showering of the initial–state quark and
gluon. To isolate the effect of initial–state gluon radiation, PYTHIA calculations
were performed with and without the QCD initial–state radiation (i.e. by preventing
space–like showering). In neither case is initial–state QED radiation simulated. It
is possible for the partons produced in initial–state showering to develop time–like
showering. Any photons produced from this mechanism are discarded, since they are
formally of higher–order than the contributions considered here. Such contributions,
however, might be necessary to understand photon pairs with small invariant mass
and small QT .
Figure 4.2 is a comparison of kinematic quantities from the parton–level and
Monte Carlo calculations. The left–side of Fig. 4.2 shows the QT–distribution for the
parton–level (solid), PYTHIA with initial–state radiation of gluons (short–dashed),
and PYTHIA without initial–state radiation (long–dashed) calculations. Each curve
is plotted twice, with and without an isolation cut EisoT = 4 GeV and R0 = 0.7. Before
the isolation cut, the total parton–level fragmentation cross section is approximately
50% higher than the Monte Carlo cross section. After isolation, the total cross sections
are in good agreement, even though the parton–level calculation is discontinuous at
QT = E
iso
T . The effect of initial–state gluon radiation in the PYTHIA calculation is
to increase QT without compromising the isolation of the photons.
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The right–side of Fig. 4.2 shows the distribution of the light–cone momentum
fraction z of the quark carried by the fragmentation photon (for this figure, z is
defined in the laboratory frame). After isolation, the parton–level contribution is
limited to z > 0.55 by kinematics, whereas the Monte Carlo contribution is more
uniformly distributed between 0 and 1. For the PYTHIA result, z is calculated with
respect to the final state quark before showering. In the showering process, some
energy–momentum can be exchanged between the final state prompt photon and the
fragmenting quark, since the quark is assigned a virtuality. As a result, the effective
z value can extend beyond the naive limit z = 1.
The conclusions of this comparison are: (1) after isolation, the total cross sec-
tions from the parton–level and Monte Carlo fragmentation calculations are in good
agreement, and (2) the Monte Carlo kinematic distributions (e.g. QT and z) are
not very sensitive to the isolation cut. For these reasons, the Monte Carlo estimate
with initial–state radiation is used to account for the (4.1b) contribution in the final
results. Furthermore, with initial–state radiation, the PYTHIA calculation includes
the leading effects of a full resummation calculation of the qg → γq process. It is
approximately equivalent to performing a resummation calculation in the CSS for-
malism with coefficients A(1) and B(1) calculated for a qg initial state and the LO
Wilson function.
One final comparison was made with the Monte Carlo calculation by treating
the subtracted term in Eq. (4.7), with P (1) replaced by D(1) defined in Eq. (4.8),
as a 3–body matrix element. The collinear divergence was regulated by requiring a
separation R0 between the photon and quark remnant for all QT . This calculation
agrees with PYTHIA in the shape and normalization of various distributions, except
when QT < E
iso
T , where there is a substantial difference.
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4.2.5 Resummation for the gg → γγ subprocess
A resummation calculation for the gg → γγ subprocess is included in the theoretical
prediction. The LO contribution comes from one–loop box diagrams of order α2emα
2
s in
perturbative QCD. At present, a full NLO calculation, ofO(α2emα3s), for this process is
not available. Nevertheless, the resummation technique can be applied to resum part
of the higher order contributions and improve the theoretical prediction. The exact
NLO gg → γγg calculation must include gluon emission from the internal quark lines
of the box diagram, thus generating pentagon diagrams. However, such diagrams
do not generate large logarithms when the final state photons have large transverse
momentum, are in the central rapidity region, and are well separated from each other.
All the large logarithms originate from the diagrams with soft gluons coupling to the
initial–state gluons. Similarly, the exact NLO qg → γγq calculation, of O(α2emα3s),
must include contributions involving a box diagram with one incoming gluon off
shell. Large logarithms only arise from soft gluon emission off the initial–state quark
or gluon. The leading logarithms due to initial–state radiation are universal, and the
A(1) and A(2) coefficients calculated for the resummed gg → H process [112, 113] or
the color singlet part of the gg → QQ¯ process [60] can be applied directly to the
resummed gg → γγ calculation, since these subprocesses have the same QCD color
structure.
When the transverse momentum of the photon pair is much smaller than its
invariant mass, i.e. QT ≪ Q, and each photon has large transverse momentum, then
the box diagram of the hard scattering subprocess gg → γγ can be approximated
as a point–like interaction (multiplied by a form factor which depends on sˆ, tˆ and
uˆ). This approximation ignores pentagon diagrams in the gg → γγg subprocess and
the virtuality of intermediate quarks in the qg → γγq subprocess. It does not have
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the complete structure of the hard process, but it does contain the most important
logarithmic terms from initial state gluon radiation. Under such an approximation,
the sub-leading logarithmic terms associated with B(1), and C(1) of Eqs. (4) and (5)
can be included in the resummation calculation. These functions were calculated
for the gg → H process [112, 113]. Without a complete O(α2emα3s) calculation, the
exact Wilson coefficient function C(1) is not known. Since part of the exact C(1)
function must include the piece for the gg → H process, it is included to estimate
the possible NLO enhancement to the production rate of the gg subprocess. After
these ingredients are incorporated into Eq. (4.2), the resummed kinematics of the
photon pair from the gg → γγ subprocess can be obtained. The distribution of the
individual photons can be calculated approximately from the LO angular dependence
of the box diagram.
The above approximation certainly fails when QT is of the order of Q. In the
absence of a complete O(α2emα3s) calculation of the gg → γγg and qg → γγq subpro-
cesses, it is not possible to estimate the uncertainties introduced by the approxima-
tion. In the limit of QT ≪ Q, the approximation should be reliable, since the soft
gluon approximation is applicable. In the same spirit, the approximate function Y
for photon pair production is taken from the results of the perturbative piece for the
gg → Hg and gq→ Hq processes [112, 113].
In summary, the resummed distributions of the photon pair from the gg subprocess
in the region of QT ≪ Q can be described by Eq. (4.2), with i = j = g, and
Fgg = NC |Mgg→γγ(s, t, u)|2 /211. Here, |Mgg→γγ(s, t, u)|2 is the absolute square of
the invariant amplitude of the gg → γγ subprocess [103] summed over spins, colors,
and the fermion flavors in the box loop, but without the initial–state color (1/82),
spin (1/22) average, and the final–state identical particle (1/2) factors. The A and B
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functions used in the calculation for the gg initial state are
A(1)gg (C1) = CA = 3,
A(2)gg (C1) =
CA
CF
A
(2)
qq¯ (C1),
B(1)gg (C1, C2) = 2
[
3 ln
(
C1
C2b0
)
− β1
]
.
The LO and NLO Wilson coefficients, extracted from the gg → H subprocess, are:
C(0)gg
(
z, b;
C1
C2
;µ
)
= δ(1− z),
C(0)qg
(
z, b;
C1
C2
;µ
)
= 0
C(1)gg
(
z, b;
C1
C2
;µ
)
= − ln
(
µb
b0
)
Pg←g(z) + δ(1− z)
{
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4
+
3π2
4
−3 ln2
(
C1
C2b0
)
+ 3 ln
(
C1
C2b0
)
+ (2β1 − 3) ln
(
µb
b0
)}
,
C(1)qg
(
z, b;
C1
C2
;µ
)
= − ln
(
µb
b0
)
Pg←q(z) +
2
3
z.
Since the NLO pentagon and off–shell box diagram calculations are not included,
the Wilson coefficients C
(1)
ij are expected to predict accurately the total cross section
only when QT ≪ Q, the transverse momenta of the individual photons are large, and
their rapidities are small. Under the approximation made above, the resummed gg
result increases the integrated rate by about a factor of 2, for kinematic cuts typical
of the Tevatron, as compared to the lowest order (one–loop calculation) perturbative
result. This comparison suggests that the full NLO contribution of the gg initiated
subprocess is large. Because it is necessary to impose the condition QT < Q to
make the above approximations valid, the gg resummed result presented in this work
probably underestimates the rate when QT is large or the separation of the azimuthal
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angle (∆φ) between the two photons is small. This deficiency can be improved only
by a complete O(α2emα3s) calculation.
At the Tevatron, the gg contribution is important when the invariant mass (Mγγ =
Q) of the two photon pair is small. Because of the approximation made in the gg
calculation beyond the LO, the prediction will be more reliable for the data with
larger Q. A more detailed discussion is presented in the next section.
The full calculation of the gg contribution in the CSS formalism depends also upon
the choice of non-perturbative functions. However, the best fits to the parametriza-
tions are performed for qq¯ processes [105, 73]. Two assumptions were studied: (i) the
non-perturbative functions are truly universal for qq¯ and gg processes, and (ii) the
non-perturbative functions obey the same renormalization group properties as the A
functions for each type of process (which are universal for all qq¯ or gg subprocesses), so
the coefficient of the ln
(
Q
2Q0
)
term in the non-perturbative function Eq. (2.9) is scaled
by CA/CF relative to that of the qq¯ process. Specifically, the different assumptions
are:
(i) W˜NPgg (b, Q,Q0, x1, x2) = W˜
NP
qq¯ (b, Q,Q0, x1, x2)
(ii) W˜NPgg (b, Q,Q0, x1, x2) = W˜
NP
qq (b, Q,Q0, x1, x2) with g2 →
CA
CF
g2.
The numerical values of g1, g2, and g3 are listed following Eq. (2.9). These two as-
sumptions do not exhaust all possibilities, but ought to be representative of reason-
able choices. Choice (ii) is used for the results presented in this work. The effect of
different choices is discussed in the next Section.
4.3 Numerical Results
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Figure 4.3: The predicted distribution for the invariant mass of the photon pair
Mγγ from the resummed calculation compared to the CDF data, with the CDF cuts
imposed in the calculation.
4.3.1 Tevatron Collider Energies
Two experimental collaborations at the Tevatron pp¯ collider have collected diphoton
data at
√
S = 1.8 TeV: CDF [99], with 84 pb−1, and DØ [100], with 81 pb−1. The
kinematic cuts applied to the resummed prediction for comparison with the CDF data
are pγT > 12 GeV and |ηγ| < 0.9. For DØ , the kinematic cuts are pγ1T > 14 GeV and
pγ2T > 13 GeV, and |ηγ| < 1. For CDF, an isolation cut for each photon of R0 = 0.7
and EisoT = 4 GeV is applied; for DØ , the cut is R0 = 0.4 and E
iso
T = 2 GeV.
Other ingredients of the calculation are: (i) the CTEQ4M parton distribution
functions, (ii) the NLO expression for αs, (iii) the NLO expression for αem, and (iv)
the non-perturbative coefficients of Ladinsky–Yuan [73].
The predictions for the CDF cuts and a comparison to the data are shown in
Figs. 4.3–4.5. Figure 4.3 shows the distribution of the photon pair invariant mass,
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dσ/dMγγ vs. Mγγ . The dashed–dot curve represents the resummation of the gg
subprocess, which is the largest contribution for Mγγ <∼ 30 GeV. The long–dashed
curve represents the full qq¯ resummation, while the short–dashed curve is a simi-
lar calculation with the gluon parton distribution function artificially set to zero.
Schematically, there are contributions to the resummed calculation that behave like
q → gq1 ⊗ q1q¯ → γγ and g → q¯q1 ⊗ q1q¯ → γγ. These contributions are contained
in the terms proportional to P
(1)
j←k(z) in Eq. (4.4) and P
(1)
j←G(z) in Eq. (4.2.2), re-
spectively. The full qq¯ resummation contains both the qq¯ and qg contributions. The
short–dashed curve is calculated by setting C
(1)
jG = 0 and retaining only the qq¯ con-
tribution in the function Y . Since the short–dashed curve almost saturates the full
qq¯ + qg contribution, except at large QT or small ∆φ, the qg initiated subprocess is
not important at the Tevatron in most of phase space for the cuts used. The frag-
mentation contribution is denoted by the dotted line. The sum of all contributions
including fragmentation is denoted by the solid line. After isolation, the fragmen-
tation contribution is much smaller than “direct” ones, but contributes ≃ 10% near
the peak. The uncertainty in the contribution of the fragmentation process can be
estimated by comparing the Monte Carlo result with a parton–level calculation, as
shown in Fig. 4.2.
Figure 4.4 shows the distribution of the transverse momentum of the photon pair,
dσ/dQT vs. QT . Over the interval 5 <∼ QT <∼ 25 GeV, the contribution from the gg
subprocess is comparable to the qq¯+qg subprocess. The change in slope near QT = 20
GeV arises from the gg subprocess (dot–dashed line) for which QT
<
∼ Mγγ is required
in our approximate calculation. The peak near QT ≃ 1.5 GeV is provided mostly by
the qq¯ + qg (long–dashed line) subprocess. In general, the height and breadth of the
peak in the QT distribution depends on the details of the non-perturbative function
in Eq. (4.2). The effect of different non-perturbative contributions may be estimated
117
QT (GeV)
dσ
/d
Q T
 
(pb
/G
eV
)
γγ Resummation at √S=1.8 TeV
Total
qq
_
+qg
qq
_
gg
frag
CDF
pT
γ>12 GeV, ηγ<.9
10
-2
10
-1
1
0 5 10 15 20 25 30 35 40 45 50
Figure 4.4: The predicted distribution for the transverse momentum of the photon
pair QT from the resummed calculation compared to the CDF data, with the CDF
cuts imposed in the calculation.
if the parameter g2 is varied by ±2σ. For QT > 10 GeV, the distribution is not
sensitive to this variation. The height and the width (half–maximum) of the peak
change by approximately 20% and 35%, respectively, but the integrated rate from 0
to 10 GeV is almost constant. The peak of the distribution (which is below 5 GeV),
shifts approximately +0.5 GeV or −0.6 GeV for a +2σ or −2σ variation. The mean
QT for QT < 10 GeV shifts at most by 0.4 GeV. For gg resummation, it is not clear
which parametrization of the non-perturbative physics should be used. However, the
final effect of the two different parametrizations outlined in Eq. (4.9) is minimal,
shifting the mean QT for QT < 40 GeV by about 0.4 GeV. The parametrization (ii)
is used in the final results, so that the coefficient g2 is scaled by CA/CF relative to
the qq¯ non-perturbative function.
Figure 4.5 shows dσ/d∆φ vs. ∆φ, where ∆φ is the azimuthal opening angle be-
tween the two photons. The change in slope near ∆φ = π/2 is another manifestation
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Figure 4.5: The predicted distribution for the difference between the azimuthal angles
of the photons ∆φγγ from the resummed calculation compared to the CDF data, with
the CDF cuts imposed in the calculation.
of the approximations made in the treatment of the gg contribution (dot–dashed
line). The height of the distribution near ∆φ ≃ π is also sensitive to the details of
the non-perturbative function.
In the absence of resummation or NLO effects, the gg box contribution supplies
~QT = 0 and ∆φ = π. In this calculation, as explained earlier, the NLO contribution
for the gg subprocess is handled in an approximate fashion. For the cuts listed above,
the total cross section from the complete gg resummed calculation, including the
function Y , is 6.28 pb. If the resummed CSS piece is used alone, the contribution is
reduced to 4.73 pb. This answer can be compared to the contribution at LO. For the
same structure functions, the LO gg cross section for the CDF cuts is 3.18 pb for the
scale choice Q =Mγγ . Therefore, the effect of including part of the NLO contribution
to the γγ process is to approximately double the LO gg box contribution to the cross
section. This increase indicates that the exact NLO correction can be large for the
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Figure 4.6: The predicted distribution for the invariant mass of the photon pair Mγγ
from the resummed calculation compared to the DØ data, with the DØ cuts imposed
in the calculation.
gg subprocess and motivates a full calculation.
The predictions for the DØ cuts and a comparison to data are shown in Figs. 4.6–
4.8. Because of the steep distribution in the transverse momentum of the individual
photons, the higher pγT threshold in the DØ case significantly reduces the total cross
section. Otherwise, the behavior is similar to the resummed calculation shown for the
CDF cuts. The DØ data plotted in the figures are not corrected for experimental
resolution. To compare with the uncorrected DØ data with the kinematic cuts
pγ1T > 14GeV, p
γ2
T > 13GeV and η
γ < 1.0, an “equivalent” set of cuts is used in the
theoretical calculation: pγ1T > 14.9GeV, p
γ2
T > 13.85GeV, and η
γ < 1.0 [114]. The
effect of this “equivalent” set is to reduce the theoretical rate in the smallMγγ region.
While the agreement in both shapes and absolute rates is generally good, there
are some discrepancies between the resummed prediction and the data as presented
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Figure 4.7: The predicted distribution for the transverse momentum of the photon
pair QT from the resummed calculation compared to the DØ data, with the DØ cuts
imposed in the calculation.
in these plots. At small QT (Fig. 4.4) and large ∆φ (Fig. 4.5), where the CDF cross
section is large, the theoretical results are beneath the data. Since this is the kinematic
region in which the non-perturbative physics is important, better agreement can be
obtained if the non-perturbative function is altered. In Fig. 4.6, the calculated Mγγ
distribution is larger than the DØ data at large Mγγ , while the calculation appears
to agree with the CDF data in Fig. 4.3. The small discrepancy in Fig. 4.6 at large
values of Mγγ is not understood. (The systematic errors of the data, which are about
25% [114], are not included in this plot.) On the other hand, Figs. 4.7 and 4.8 show
that the resummed calculation is beneath the data at large QT or small ∆φ. The
discrepancies in Figs. 4.7 and 4.8 may result from the approximations made in the
gg process (notice the kinks in the dot–dashed curves). A complete NLO calculation
for the gg subprocess is needed, and may improve the comparison with data for small
∆φ.
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Figure 4.8: The predicted distribution for the difference between the azimuthal angles
of the photons ∆φγγ from the resummed calculation compared to the DØ data, with
the DØ cuts imposed in the calculation.
Because of the uncertainty in the prediction for the gg contribution of the re-
summed calculation, the distributions inMγγ , QT and ∆φ are shown in Figs. 4.9–4.11
for the CDF cuts and the additional requirement that QT < Mγγ . This additional
requirement should significantly reduce the theoretical uncertainty for large QT and
small ∆φ.
In Fig. 4.10, the lower of the two solid curves in the QT distribution shows the
prediction of the pure NLO O(αs) (fixed–order) calculation, without resummation,
for the qq¯ and qg subprocesses, excluding fragmentation. For QT >∼ 25 GeV, the lower
solid curve is very close to the long–dashed (qq¯ + qg) curve obtained after resumma-
tion, as is expected. As QT decreases below QT ≃ 25 GeV, all–orders resummation
produces significant changes. Most apparent, perhaps, is that the QT → 0 divergence
in the fixed–order calculation is removed. However, there is also a marked difference
in shape over the interval 5 < QT < 25 GeV between the fixed–order qq¯ + qg re-
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Figure 4.9: The predicted distribution for the invariant mass of the photon pair Mγγ
from the resummed calculation. The additional cut QT < Mγγ has been applied to
reduce the theoretical uncertainty.
sult and its resummed counterpart. These are general features in a comparison of
resummed and NLO calculations [115]–[104].
4.3.2 Fixed–Target Energy
The fixed–target experiment E706 [101] at Fermilab has collected diphoton data from
the collision of a p beam on a Be (A = 9.01, Z = 4) target at
√
S = 31.5 GeV. The
kinematic cuts applied to the resummed prediction in the center–of–mass frame of
the beam and target are pγT > 3 GeV and |ηγ| < 0.75. No photon isolation is required.
The same phenomenological inputs are used for this calculation as for the calculation
at collider energies. The Be nucleon target is treated as having an admixture of 4/9.01
proton and 5.01/9.01 neutron parton distribution functions. The A dependence effect
appears to be small in the prompt photon data (the effect is parametrized as Aα and
the measured dependence is α ≃ 1), so it is ignored [116].
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applied to reduce the theoretical uncertainty. The lower solid curve shows the pre-
diction of the pure NLO (fixed–order) calculation for the qq¯ and qg subprocesses, but
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Figures 4.12–4.14 show the same distributions discussed previously. Because of
the kinematic cuts, the relative contribution of gluon initiated processes is highly
suppressed, except at largeQT , where the gg box contribution is seen to dominate, and
at large Mγγ where the qg contribution is dominant. The fragmentation contribution
(not shown) is minimal (of a few percent). The dominance of gg resummation over
the qq¯ resummation at large QT in Fig. 4.13 occurs because it is more likely (enhanced
by the ratio CA/CF = 9/4) for a gluon to be radiated from a gluon than a quark line.
The exact height of the distribution is sensitive to the form of the non-perturbative
function (in the low QT region) and to the approximation made in calculating the
NLO corrections (of O(α2emα3s)) to the hard scattering. However, since QT < Q is
satisfied for the set of kinematic cuts, the final answer with complete NLO corrections
should not differ significantly from the result reported here.
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Figure 4.11: The predicted distribution for the difference between the azimuthal
angles of the photons ∆φγγ from the resummed calculation. The additional cut
QT < Mγγ has been applied to reduce the theoretical uncertainty.
The scale dependence of the calculation was checked by comparing with the result
obtained with C2 = C1/b0 = 0.5, C3 = b0, and C4 = 1. The qq¯ rate is not sensitive
to the scale choice, and the gg rate increases by less than about 20%. This insensi-
tivity can be understood as follows. For the E706 data, the non-perturbative physics
completely dominates the QT distribution. The perturbative Sudakov resummation
is not important over the entire QT region, and the NLO Y piece is sizable only for
QT > 3GeV where the event rate is small. Since the LO qq¯ rate does depend on αs,
and the LO gg rate is proportional to α2s(C2Mγγ), the gg rate increases for a smaller
C2 value, but the qq¯ rate remains about the same. In conclusion, the E706 data can
be used to constrain the non-perturbative functions associated with the qq¯ and gg
hard processes in hadron collisions.
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4.4 Conclusions
Prompt photon pair production at fixed target and collider energies is of interest in its
own right as a means of probing the dynamics of strong interactions. The process is
of substantial interest also in searches for new phenomena, notably the Higgs boson.
In this Chapter, a calculation is presented of the production rate and kinematic
distributions of photon pairs in hadronic collisions. This calculation incorporates the
full content of the next–to–leading order (NLO) contributions from the qq¯ and qg
initial–state subprocesses, supplemented by resummation of contributions to these
subprocesses from initial state radiation of soft gluons to all orders in the strong
coupling strength. The computation also includes important contributions from the
gg box diagram. The gg contributions from initial–state multiple soft gluons are re-
summed to all orders, but the NLO contribution, of O(α2emα3s), to the hard scattering
subprocess is handled in an approximate fashion. The approximation should be reli-
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Figure 4.13: The predicted distribution for the transverse momentum of the photon
pair QT from the resummed calculation appropriate for pN → γγX at
√
S=31.5
GeV.
able at relatively small values of the pair transverse momentum QT as compared to
the invariant mass of the photon pair Mγγ . At collider energies, the gg contribution
is comparable to that of the qq¯ and qg contributions over a significant part of phase
space where Mγγ is not large, and its inclusion is essential. The exact O(α2emα3s)
corrections to the gg box diagram should be calculated to test the validity of the
approximations made in this calculation. Finally, the calculation also includes long–
distance fragmentation contributions at leading order from the subprocess qg → γq,
followed by fragmentation of the final quark, q → γX. After photon isolation, frag-
mentation plays a relatively minor role. The fragmentation contribution is computed
in two ways: first, in the standard parton model collinear approximation and second,
with a Monte Carlo shower simulation. This overall calculation is the most complete
treatment to date of photon pair production in hadronic collisions. Resummation
plays a very important role particularly in the description of the behavior of the QT
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distribution at small to moderate values of this variable, where the cross section takes
on its largest values.
The resummed calculation is necessary for a reliable prediction of kinematic distri-
butions that depend on correlations between the photons. It is a significant improve-
ment over fixed–order NLO calculations that do not include the effects of initial–state
multiple soft–gluon radiation. Furthermore, even though the hard scattering qq¯ and
qg subprocesses are computed to the same order in the resummed and fixed–order
NLO calculations, the cross sections from the two calculations can differ after kine-
matic cuts are imposed [108].
The results of the calculation are compared with data from the CDF and DØ col-
laborations, and the agreement is generally good in both absolute normalization and
shapes of the distributions in the invariant massMγγ of the diphoton system, the pair
transverse momentum QT , and the difference in the azimuthal angles ∆φ. Discrep-
128
ancies with CDF results at the smallest values of QT and ∆φ near π might originate
from the strong dependence on the non-perturbative functions in this kinematic re-
gion. In comparison with the DØ data, there is also evidence for disagreement at
intermediate and small values of ∆φ. The region of intermediate ∆φ, where the two
photons are not in a back–to–back configuration, is one in which the full treatment
of three body final–state contributions of the type γγj are important, with j = q or
g. The distributions in Figs. 5 and 8 suggest that an exact calculation of the NLO
contribution associated with the gg initial channel would ameliorate the situation and
will be necessary to describe data at future high energy hadron colliders.
Predictions are also presented in the work for pN → γγX at the center–of–
mass energy 31.5 GeV, appropriate for the E706 fixed–target experiment at Fermilab.
The large QT and small ∆φ behavior of the kinematic distributions is dominated by
the resummation of the gg initial state. Non-perturbative physics controls the QT
distribution, and neither the perturbative Sudakov nor the regular NLO contribution
plays an important role, except in the very large QT region where the event rate
is small. For the E706 kinematics, the requirement QT < Q is generally satisfied.
Therefore, the approximate gg calculation presented in this work should be reliable.
In this calculation, the incident partons are assumed to be collinear with the in-
cident hadrons. A recurring question in the literature is the extent to which finite
“intrinsic” kT may be required for a quantitative description of data [117, 101]. An
important related issue is the proper theoretical specification of the intrinsic com-
ponent [118]. In the CSS resummation formalism, this physics is included by prop-
erly parametrizing the non-perturbative function W˜NP (b), which can be measured in
Drell–Yan, W , and Z production. Because photons participate directly in the hard
scattering, because their momenta can be measured with greater precision than that
of hadronic jets or heavy quarks, and because the γγ final state is a color singlet,
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the reaction pp¯→ γγX may serve as a particularly attractive laboratory for the un-
derstanding of the role of intrinsic transverse momentum. The agreement with data
on the QT distributions in Figs. 4.4 and 4.7 is suggestive that the CSS formalism
is adequate. However, the separate roles of gluon resummation and the assumed
non-perturbative function in the successful description of the QT distributions are
not disentangled. In the non–perturbative function of Eq. (2.9), the dependence on
b (and, thus, the behavior of dσ/dQT at small QT ) is predicted to change with both
Q and the values of the parton momentum fractions xi. At fixed Q, dependence on
the values of the xi translates into dependence on the overall center–of–mass energy
of the reaction. As data with greater statistics become available, it should be pos-
sible to verify these expectations. In combination with similar studies with data on
massive lepton–pair production (the Drell–Yan process), it will be possible to deter-
mine whether the same non–perturbative function is applicable in the two cases, as
is assumed in this work.
The diphoton data may allow a study of the non-perturbative as well as the
perturbative physics associated with multiple gluon radiation from the gluon–initiated
hard processes, which cannot be accessed from Drell–Yan,W±, and Z data. With this
knowledge, it may be possible to improve calculations of single photon production and
other reactions sensitive to gluon–initiated subprocesses. In the DØ data analysis
[100], an asymmetric cut is applied on the transverse momenta (pγT ) of the two photons
in the diphoton event. This cut reduces the effect of multiple gluon radiation in the
event. To make the best use of the data for probing the interesting multiple gluon
dynamics predicted by the QCD theory, a symmetric pγT cut should be applied.
Chapter 5
Gauge Boson Pair Production at
the Upgraded Tevatron and at the
LHC
5.1 Introduction
The underlying dynamics of the electroweak symmetry breaking sector of the Stan-
dard Model (SM) awaits understanding. The principal goal of the CERN Large
Hadron Collider (LHC) is to shed light on this open question. The direct searches
at the CERN Large Electron Positron (LEP) collider have constrained the mass of
the SM Higgs boson to be higher than 90 GeV [119]. Furthermore, global analyses
of electroweak data [29] and the values of the top quark and the W± boson masses
[120] suggest that the SM Higgs boson is light, less than a few hundred GeV. Argu-
ments based on supersymmetry (SUSY) also indicate that the lightest Higgs boson is
lighter than the top quark [121]. Hence, the existence of a light Higgs boson is highly
possible.
It has been shown in the literature that a SM like Higgs boson with a mass
less than or about 180 GeV can be detected at the upgraded Fermilab Tevatron via
pp¯ → W±(→ ℓ±ν) H(→ bb¯, τ+τ−) [89], or pp¯(gg) → H(→ W ∗W ∗ → ℓνjj and
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ℓνℓν) [122], and a SUSY Higgs boson can be detected in the W±h and hbb¯ modes
[123]. To observe a light (mH < 120 GeV) neutral Higgs boson at the LHC, the most
promising detection mode is the diphoton channel H → γγ [124] via the production
process pp(gg) → HX. In the intermediate mass (120 GeV < mH < 2 mZ) region,
the Z0∗Z0 channel is also useful in addition to the γγ channel [124]. If the Higgs boson
is heavier than twice the mass of the Z0 boson, the gold–plated decay mode into two
Z0 bosons (which sequentially decay into leptons) [124] is the best way to detect it.
At the LHC, as at any hadron–hadron collider, initial–state radiative corrections from
Quantum Chromodynamics (QCD) interaction to electroweak processes can be large.
Some fixed order QCD corrections have been calculated to the Higgs signal and to its
most important backgrounds [125, 126, 127, 128]. The next-to-leading order (NLO)
corrections to the total cross section of pp(gg)→ HX have been found to be large (50-
100 %) [125], and the largest contribution in the fixed order corrections results from
soft gluon emission [129]. This signals the slow convergence of the perturbative series,
and the importance of still higher order corrections. Furthermore, the fixed order
corrections fail to predict the transverse momentum distributions of the Higgs boson
and its decay products correctly. The knowledge of these distributions is necessary to
precisely predict the signal and the background in the presence of various kinematic
cuts, in order to deduce the accurate event rates to compare with theory predictions
[130]. To predict the correct distribution of the transverse momentum of the photon
or Z0 pair and the individual vector bosons, or the kinematical correlation of the two
vector bosons produced at hadron colliders, it is necessary to include the effects from
the initial–state multiple soft–gluon emission. In this Section, we present the results
of our calculation for the most important continuum backgrounds to the Higgs boson
signal detected at hadron colliders. The distributions of the Higgs boson signal for
the h1h2 → H → γγX and Z0Z0X processes, including the soft–gluon effects, will
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be discussed in our future work [131].
In scattering processes involving hadrons, the dynamics of the multiple soft–gluon
radiation can be described by the resummation technique. We extend the Collins–
Soper–Sterman (CSS) resummation formalism [44, 45, 46] to describe the production
of photon and Z0 pairs. This extension is analogous to our recent resummed calcula-
tion of the hadronic production of photon pairs [132]. In comparison, an earlier work
[133] on the soft–gluon resummation for the qq¯ → Z0Z0X process did not include the
complete NLO corrections. In the present Section, the effect of initial–state multiple
soft–gluon emission in qq¯ → Z0Z0X is resummed with the inclusion of the full NLO
contributions, so that the inclusive rate of the Z0 boson pair production agrees with
the NLO result presented in Ref. [126]. Furthermore, we also include part of the
higher order contributions in our results by using the CSS resummation formalism.
The collected diphoton data at the Tevatron, a pp¯ collider with center-of-mass
energy
√
S = 1.8 TeV with 84 and 81 pb−1 integrated luminosity (for CDF and
DØ ), are in the order of 103 events per experiment [134, 135]. After the upgrade of
the Tevatron, with
√
S = 2 TeV and a 2 fb−1 integrated luminosity, about 4 × 104
photon pairs can be detected, and more than 3×103 Z0 boson pairs can be produced.
At the LHC, a
√
S = 14 TeV pp collider with a 100 fb−1 integrated luminosity, we
expect about 6 × 106 photon and 1.5× 106 Z0 pairs to be produced, after imposing
the kinematic cuts described later in the text. This large data sample will play an
important role in the search for the Higgs boson(s) and new physics that modifies
the production of the vector boson pairs (e.g., by altering the vector boson tri-linear
couplings [136]).
The rest of this Chapter is organized as follows. Section 5.2 briefly summarizes
the extension of the CSS resummation formalism to the Z0Z0 pair production. In
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Section 5.3 the numerical results of the resummed and fixed order calculations are
compared for various distributions of the photon and Z0 pairs produced at the LHC
and the upgraded Tevatron.
5.2 Analytical Results
5.2.1 The CSS Resummation Formalism for Z0 Pair Produc-
tion
When QCD corrections to the Z0 boson pair production cross section are calculated
order by order in the strong coupling constant αs, the emission of potentially soft
gluons spoils the convergence of the perturbative series for small transverse momenta
(QT ) of the Z
0 boson pair. In the QT ≪ Q region, the cross section can be written
as [46]
lim
QT→0
dσ
dQ2T
=
∞∑
n=1
2n−1∑
m=0
αns
nvm
Q2T
lnm
(
Q2
Q2T
)
+O
(
1
QT
)
,
where Q is the invariant mass of the Z0 boson pair, and the coefficients nvm are
perturbatively calculable. At each order of the strong coupling the emitted gluon(s)
can be soft and/or collinear, which yields a small QT . When the two scales Q and QT
are very different, the logarithmic terms lnm(Q2/Q2T ) are large, and for QT ≪ Q the
perturbative series is dominated by these terms. It was shown in Refs. [44, 45, 46]
that these logarithmic contributions can be summed up to all order in αs, resulting
in a well behaved cross section in the full QT region.
The resummed differential cross section of the Z0 boson pair production in hadron
collisions is written, similarly to the cross sections of the lepton pair production [137],
or photon pair production [132], in the form:
dσ(h1h2 → Z0Z0X)
dQ2 dy dQ2T d cos θ dφ
=
1
48πS
β
Q2
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×
 1(2π)2
∫
d2b ei
~QT ·~b ∑
i,j
W˜ij(b∗, Q, x1, x2, θ, φ, C1,2,3) W˜NPij (b, Q, x1, x2)
+ Y (QT , Q, x1, x2, θ, φ, C4)} . (5.1)
In this case, the variablesQ, y, andQT are the invariant mass, rapidity, and transverse
momentum of the Z0 boson pair in the laboratory frame, while θ and φ are the polar
and azimuthal angle of one of the Z0 bosons in the Collins-Soper frame [52]. The
factor
β =
√√√√1− 4m2Z
Q2
originates from the phase space for producing the massive Z0 boson pair. The parton
momentum fractions are defined as x1 = e
yQ/
√
S, and x2 = e
−yQ/
√
S, and
√
S is
the center–of–mass (CM) energy of the hadrons h1 and h2.
The renormalization group invariant function W˜ij(b) sums the large logarithmic
terms αns ln
m(b2Q2) to all orders in αs. For a scattering process initiated by the
partons i and j,
W˜ij(b, Q, x1, x2, θ, φ, C1,2,3) = exp {−Sij(b, Q, C1,2)}
×
[
Ci/h1(x1, b, C1,2,3, t, u) Cj/h2(x2, b, C1,2,3, t, u)
+ Cj/h1(x1, b, C1,2,3, u, t) Ci/h2(x2, b, C1,2,3, u, t)
]
×Fij(α(C2Q), αs(C2Q), θ, φ). (5.2)
Here the Sudakov exponent Sij(b, Q, C1,2) is defined in Eq.(2.6). In Eq. (5.2), Fij
originates from the hard scattering process, and will be given later for specific initial
state partons. Eq. (2.8) defines Ci/h(x) which denotes the convolution of the perturba-
tive Wilson coefficient functions Cia with parton distribution functions (PDF) fa/h(ξ)
(describing the probability density of parton a inside hadron h with momentum frac-
tion ξ). The invariants s, t and u are defined for the q(p1)q¯(p2) → Z0(p3)Z0(p4)
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subprocess as
s = (p1 + p2)
2, t = (p1 − p3)2, u = (p2 − p3)2, (5.3)
with s+ t+ u = 2m2Z .
The functions Aij , Bij and Cij are calculated perturbatively in powers of αs/π
as indicated by Eq. (2.13). The dimensionless constants C1, C2 and C3 ≡ µb were
introduced in the solution of the renormalization group equations for W˜ij. Their
canonical choice is C1 = C3 = 2e
−γE ≡ b0, C2 = C1/b0 = 1, and C4 = C2 = 1 [46],
where γE is the Euler constant.
For large b, which is relevant for small QT , the perturbative evaluation of Eq. (5.2)
is questionable. Thus in Eq. (5.1), W˜ij is evaluated at b∗ = b/
√
1 + (b/bmax)2, so that
the perturbative calculation is reliable. Here bmax is a free parameter of the formalism
[46] that has to be constrained by other data (e.g. Drell–Yan), along with the non-
perturbative function W˜NPij (b) which is introduced in Eq. (5.1) to parametrize the
incalculable long distance effects. Since the qq¯ → γγ or Z0Z0, and the qq¯ → V → ℓℓ′
processes have the same initial state as well as the same QCD color structure, in this
work we assume that the non-perturbative function W˜NPij (b), fitted to existing low
energy Drell-Yan data [73], also describes the non-perturbative effects in the qq¯ → γγ
and Z0Z0 processes. Needless to say, this assumption has to be tested by experimental
data.
The function Y in Eq. (5.1) contains contributions from the NLO calculation that
are less singular than 1/Q2T or ln(Q
2/Q2T )/Q
2
T as QT → 0. This function restores the
regular contribution in the fixed order perturbative calculation that is not included
in the resummed piece W˜ij. In the Y function, both the factorization and the renor-
malization scales are chosen to be C4Q. The detailed description of the matching (or
“switching”) between the resummed and the fixed order cross sections for QT ∼ Q
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Figure 5.1: A representative set of Feynman diagrams included in the NLO calcula-
tion of Z0 pair production.
can be found in Ref. [137].
5.2.2 The qq¯, qg and q¯g → Z0Z0X subprocesses
The largest background to the Higgs boson signal in the Z0Z0 channel is the contin-
uum production of Z0 boson pairs via the qq¯ → Z0Z0X partonic subprocess [138].
The next–to–leading order calculations of this process are given in Refs. [126, 127]. A
representative set of Feynman diagrams, included in the NLO calculations, is shown
in Fig. 5.1. The application of the CSS resummation formalism for the qq¯ → Z0Z0X
subprocess is the same as that for the case of qq¯ → γγX [132]. The A(1), A(2) and B(1)
coefficients in the Sudakov exponent are identical to those of the Drell–Yan case. This
follows from the observation that to produce a heavy Z0 boson pair, the virtual–quark
line connecting the two Z0 bosons in Fig. 5.1 is far off the mass shell, and the leading
logarithms due to soft gluon emission beyond the leading order can only be generated
from the diagrams in which soft gluons are connected to the incoming (anti–)quark.
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This situation was described in more detail for di-photon production [132].
The resummed cross section is given by Eq. (5.1), with i and j representing quark
and anti–quark flavors, respectively, and
Fij(g, gs, θ, φ) = 2δij(g2L + g2R)2
1 + cos2 θ
1− cos2 θ .
The left- and right-handed couplings gL,R are defined through the qq¯Z
0 vertex, which
is written as iγµ [gL(1− γ5) + gR(1 + γ5)], with
gL = g
T3 − s2wQf
2cw
and gR = −g s
2
wQf
2cw
. (5.4)
Here g is the weak coupling constant, T3 is the third component of the SU(2)L gener-
ator (T3 = 1/2 for the up quark Qu, and −1/2 for the down quark Qd), sw (cw) is the
sine (cosine) of the weak mixing angle, and Qf is the electric charge of the incoming
quark in the units of the positron charge (Qu = 2/3 and Qd = −1/3). The values of
these parameters will be given in the next section.
The explicit forms of the A and B coefficients, used in the numerical calculations
are:
A
(1)
qq¯ (C1) = CF ,
A
(2)
qq¯ (C1) = CF
[(
67
36
− π
2
12
)
NC − 5
18
Nf − 2β1 ln
(
b0
C1
)]
,
B
(1)
qq¯ (C1, C2) = CF
[
−3
2
− 2 ln
(
C2b0
C1
)]
, (5.5)
where Nf is the number of light quark flavors, NC = 3 is the number of colors in
QCD, CF = 4/3, and β1 = (11NC − 2Nf)/12.
To obtain the value of the total cross section to NLO, it is necessary to include the
Wilson coefficients C
(0)
ij and C
(1)
ij , which can be derived similarly to those for diphoton
production in Chapter 4. The results are:
C
(0)
jk (z, b, µ,
C1
C2
, t, u) = δjkδ(1− z),
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C
(0)
jG (z, b, µ,
C1
C2
, t, u) = 0,
C
(1)
jk (z, b, µ,
C1
C2
, t, u) = δjkCF
{
1
2
(1− z)− 1
CF
ln
(
µb
b0
)
P
(1)
j←k(z)
+δ(1− z)
[
− ln2
(
C1
b0C2
e−3/4
)
+
V(t, u)
4
+
9
16
]}
,
C
(1)
jG (z, b, µ,
C1
C2
, t, u) =
1
2
z(1− z)− ln
(
µb
b0
)
P
(1)
j←G(z). (5.6)
In the above expressions, the splitting kernels are [42]
P
(1)
j←k(z) = CF
(
1 + z2
1− z
)
+
and
P
(1)
j←G(z) =
1
2
[
z2 + (1− z)2
]
. (5.7)
For Z0 boson pair production the function V in Eq. (5.5) is given by
V(t, u) = VZ0Z0(t, u) = −4 + π
2
3
+
tu
t2 + u2
(F (t, u) + F (u, t)− 2) .
The definition of the function F (t, u) is somewhat lengthy and can be found in Ap-
pendix C of Ref. [126] (cf. Eqs. (C1) and (C2)). The function V(t, u) depends on the
kinematic correlation between the initial and final states through its dependence on
t and u. In the mZ → 0 limit, F (t, u) + F (u, t) reduces to F virt(t, u) of the diphoton
case which is given in Ref. [132].1
The non-perturbative function used in this study is [73]
W˜NPqq (b, Q,Q0, x1, x2) = exp
[
−g1b2 − g2b2 ln
(
Q
2Q0
)
− g1g3b ln (100x1x2)
]
,
with g1 = 0.11 GeV
2, g2 = 0.58 GeV
2, g3 = −1.5 GeV−1, and Q0 = 1.6 GeV. These
values were fit for the CTEQ2M parton distribution function, with the canonical
1This is connected to the fact that as mZ → 0 the virtual corrections of the Z0 pair and diphoton
productions are the same (up to the couplings), which is apparent when comparing Eq.(11) of
Ref. [139] and Eq.(12) of Ref. [126], after including a missing factor of 1/(16pis) in the latter equation.
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choice of the renormalization constants, i.e. C1 = C3 = b0 and C2 = 1, and bmax =
0.5 GeV−1 was used. In principle, these coefficients should be refit for CTEQ4M
distributions [38] used in this study. We have checked that using the updated fit in
Ref. [140] does not change largely our conclusion because at the LHC and Tevatron
energies the perturbative Sudakov contribution is more important compared to that
in the low energy fixed target experiments.
Before concluding this section we note that for the diphoton production, we use
the formalism described in Ref. [132] to include the gg → γγX contribution, in which
part of the higher order corrections has been included via resummation. Since a gauge
invariant calculation of the gg → Z0Z0g cross section in the SM involves diagrams
with the Higgs particle, we shall defer its discussion to a separate work [131].
5.3 Numerical Results
We implemented our analytic results in the ResBos Monte Carlo event generator
[137]. As an input we use the following electroweak parameters [3]:
GF = 1.16639× 10−5 GeV−2, mZ = 91.187 GeV, (5.8)
mW = 80.41 GeV, α(mZ) =
1
128.88
.
In the on-shell renormalization scheme we define the effective weak mixing angle
sin2 θeffw = 1−
m2W
ρm2Z
,
with
ρ =
m2W
m2Z
(
1− πα(mZ)√
2GFm2W
)−1
.
In Eq.(5.4), the coupling of the Z0 boson to fermions, g, is defined using the
improved Born approximation:
g2 = 4
√
2GF (c
eff
w )
2m2Zρ,
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Di-boson Collison Ecm Fixed Order O(α0s) Resummed
produced type (TeV) CTEQ4L CTEQ4M ⊕ O(αs)
Z0Z0 pp 14 9.14 10.3 14.8
Z0Z0 pp¯ 2 0.91 1.01 1.64
γγ pp 14 22.1 24.5 60.8
γγ pp¯ 2 8.48 9.62 22.8
γγ pp¯ 1.8 6.30 7.15 17.0
Table 5.1: Total cross sections of diphoton and Z0 boson pair production at the LHC
and the upgraded Tevatron, in units of pb. The kinematic cuts are described in the
text. The “⊕” sign refers to the matching prescription discussed in the text.
with ceffw =
√
1− sin2 θeffw , the cosine of the effective weak mixing angle. (In Eq. (5.4)
cw is identified with c
eff
w .) We use the NLO expression for the running strong and
electroweak couplings αs(µ) and α(µ), as well as the NLO parton distribution function
CTEQ4M (defined in the modified minimal subtraction, i.e. MS, scheme), unless
stated otherwise. Furthermore, in all cases we set the renormalization scale equal to
the factorization scale: µR = µF = Q.
Table 5.1 summarizes the total rates for the leading order (LO), i.e. O(α0s),
and resummed photon- and Z0-pair production cross sections for the LHC and the
Tevatron. For the lowest order calculation we show results using LO (CTEQ4L) and
NLO (CTEQ4M) parton distributions, because there is a noticeable difference due to
the PDF choice. As it was discussed in Ref. [137], the resummed total rate is expected
to reproduce the O(αs) rate, provided that in the resummed calculation the A(1), B(1)
and C(1) coefficients and the O(αs) Y piece are included, and the QT distribution is
described by the resummed result for QT ≤ Q and by the O(αs) result for QT > Q. In
our present calculation we added the A(2) coefficient to include the most important
higher order corrections in the Sudakov exponent. Our matching prescription (cf.
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Ref. [137]) is to switch from the resummed prediction to the fixed-order perturbative
calculation as they cross around QT ∼ Q. This switch is performed for any given Q
and y of the photon or Z0 boson pairs. In the end, the total cross section predicted by
our resummed calculation is about the same as that predicted by the NLO calculation.
The small difference of those two predictions can be interpreted as an estimate of the
contribution beyond the NLO.
5.3.1 Z0 pair production at the LHC
In the LHC experiments the H → Z0Z0 channel can be identified through the decay
products of the Z0 bosons. The detailed experimental kinematic cuts for this process
are given in Ref. [124]. Since the aim of this work is not to analyze the decay kine-
matics of the background, rather to present the effects of the initial–state soft–gluon
radiation, following Ref. [126] for the LHC energies we restrict the rapidities of each
Z0 bosons as: |yZ| < 3.0. We do not apply any other kinematic cuts. The total rates
are given in Table 5.1. Our O(α0s) rates are in agreement with that of Ref. [126] when
calculated using the same PDF. We expect the resummed rate to be higher than the
O(αs) rate due to the inclusion of the A(2) term. Indeed, our K factor, defined as the
ratio of the resummed to the LO rate using the same PDF in both calculations, is
higher than the naive soft gluonK-factor (Knaive = 1+8παs(Q)/9 ∼ 1.3) of Ref. [141],
which estimates the NLO corrections to the production rate of qq¯ → Z0Z0X in the
DIS (deep-inelastic scattering) scheme. Our K-factor approaches the naive one with
the increase of the center-of-mass energy, as expected.
The rates for the different subprocesses of the Z0 boson pair production are given
in Table 5.2. At the LHC the qg → Z0Z0X subprocess contributes about 25% of
the qq + qg → Z0Z0X rate. The K-factor is defined as the ratio σ(qq¯ + qg →
Z0Z0X)/σ(qq¯ → Z0Z0), which is about 1.4 for using CTEQ4M PDF.
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Ecm Collison qq¯ → Z0Z0X qg → Z0Z0X
(TeV) type
14 pp 10.9 3.91
2 pp¯ 1.62 0.02
Table 5.2: Resummed cross sections of the subprocesses for Z0 boson pair production
at the LHC and the upgraded Tevatron, in units of pb. The kinematic cuts are
described in the text.
Figs. 5.2–5.3 show our results for proton-proton collisions at the LHC energy,
√
S = 14 GeV. Fig. 5.2 shows the transverse momentum distribution of Z0 pairs.
The NLO (O(αs)) prediction for the qq¯ + qg → Z0Z0X subprocesses, shown by the
dotted curve, is singular as QT → 0. This singular behavior originates from the
contribution of terms which grow at least as fast as 1/Q2T or ln(Q
2/Q2T )/Q
2
T . This,
so-called asymptotic part, is shown by the dash-dotted curve, which coincides with
the O(αs) distribution as QT → 0. After exponentiating these terms, the distribution
is well behaved in the low QT region, as shown by the solid curve. The resummed
curve matches the O(αs) curve at about QT = 320 GeV. Following our matching
prescription described in the previous section, we find that this matching takes place
around QT = 300 GeV, depending on the actual values of Q and y. Fig. 5.2 also
shows that at the LHC there is a substantial contribution from qg scattering, which
is evident from the difference between the solid and dashed curves, where the dashed
curve is the resummed contribution from the qq¯ → Z0Z0X subprocesses.
In Fig. 5.4 we give the integrated distributions, defined as
dσ
dQminT
=
∫ Qmax
T
Qmin
T
dQT
dσ
dQT
, (5.9)
where QmaxT is the largest QT allowed by the phase space. In the NLO calculation, this
distribution grows without bound near QminT = 0, as a result of the singular behavior
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Figure 5.2: Transverse momentum distribution of Z0 pairs from qq¯ + qg partonic
initial states at the LHC. TheO(αs) (dotted) and the asymptotic (dash-dotted) pieces
are coincide and diverge as QT → 0. The resummed (solid) curve matches the O(αs)
curve at about QT = 320 GeV. The resummed qq¯ contribution (excluding the qg
contribution) is shown as dashed line.
of the scattering amplitude when QT → 0. It is clearly shown by Fig. 5.4 that the QT
distribution of the resummed calculation is different from that of the NLO calculation.
The different shapes of the two curves in Fig. 5.4 indicates that the predicted Z0 pair
production rates, with a minimal value of the transverse momentum QT , are different
in the two calculations. This is important at the determination of the background
for the detection of a Higgs boson even with moderately large transverse momentum.
For QminT = 50 GeV, the resummed cross section is about 1.5 times of the NLO cross
section.
The invariant mass and the rapidity distributions of the Z0 boson pairs, and the
transverse momentum distribution of the individual Z0 bosons are shown in Fig 5.3.
When calculating the production rate as the function of the Z0 pair invariant mass,
we integrate the QT distribution for any Q, and y. When plotting the transverse
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Figure 5.3: Invariant mass and rapidity distributions of Z0 boson pairs, and trans-
verse momentum distributions of the individual Z0 bosons at the LHC. The resummed
contribution of the qq¯+ qg → Z0Z0X subprocess is shown by the solid curve, and of
the qq¯ → Z0Z0X subprocess by the dashed curve. The leading order distribution of
qq¯ → Z0Z0 is shown by the dash-dotted curve.
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Figure 5.4: The integrated cross section for Z0 boson pair production at the LHC.
The resummed and the O(αs) distributions are shown in solid and dashed lines,
respectively.
momentum distributions of the individual Z0 bosons, we include both of the Z0
bosons per event. In the shape of the invariant mass and rapidity distributions we do
not expect large deviations from the NLO results. Indeed, the shape of our invariant
mass distribution agrees with that in Ref. [126]. However, the resummed transverse
momentum distribution PZT of the individual Z
0 bosons is slightly broader than the
NLO distribution (not shown in Fig 5.3, cf. Ref. [126]). This is expected because, in
contrast with the NLO distribution, the resummed transverse momentum distribution
of the Z0 boson pair is finite as QT → 0 so that the PZT distribution is less peaked.
5.3.2 Z0 Pair Production at the upgraded Tevatron
After the upgrade of the Fermilab Tevatron, there are more than 3×103 Z0 boson pairs
to be produced. Since this data sample can be used to test the tri-linear gauge boson
couplings [136], we also give our results for the upgraded Tevatron with proton–anti-
146
proton collisions at a center-of-mass energy of 2 TeV. Our kinematic cuts constrain
the rapidity of both of the Z0 bosons such that |yZ| < 3. Both the LO and resummed
total rates are listed in Table 5.1. The ratio σ(qq¯ + qg → Z0Z0X)/σ(qq¯ → Z0Z0) is
about 1.6, which is larger than the naive soft gluon K-factor of 1.3. Table 5.2 shows
that qg → Z0Z0X partonic subprocess contributes only a small amount (about 3%)
at this energy, in contrast to 25% at the LHC.
Figs. 5.5–5.6 show the resummed predictions for the upgraded Tevatron. The
invariant mass and rapidity distributions of Z0 boson pairs, and the transverse mo-
mentum distribution of the individual Z0 bosons are shown in Fig. 5.5. The solid
curve shows the resummed contributions from the qq¯+qg → Z0Z0X subprocess. The
resummed contribution from the qq¯ → Z0Z0X subprocess is shown by the dashed
curve. The leading order qq¯ → Z0Z0 cross section is also shown, by the dash-dotted
curve. The invariant mass distribution of the qq¯ + qg → Z0Z0X subprocess is in
agreement with the NLO result of Ref. [126], when calculated for
√
S = 1.8 TeV.
From this figure we also find that the contribution from the qg → Z0Z0X subprocess
at the energy of the Tevatron is very small.
In Fig. 5.7 we compare the NLO and resummed distributions of the transverse
momentum of the Z0 pair. The figure is qualitatively similar to that at the LHC, as
shown in Fig. 5.2. The resummed and the NLO curves merge at about 100 GeV. The
resummed contribution from the qq¯ → Z0Z0X subprocess is shown by the dashed
curve, which clearly dominates the total rate.
In Fig. 5.6 we show the integrated distribution dσ/dQminT for Z
0 boson pair pro-
duction at the upgraded Tevatron. The figure is qualitatively the same as that for
the LHC (cf. Fig. 5.4). The NLO curve runs well under the resummed one in the
QminT < 80 GeV region, and the QT distributions from the NLO and the resummed
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Figure 5.5: Same as Fig. 5.3 except for the upgraded Tevatron.
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Figure 5.6: Same as Fig. 5.4 except for the upgraded Tevatron.
calculations have different shapes even in the region where QT is of the order 60 GeV.
For QminT = 30 GeV, the resummed rate is about 1.5 times of the NLO rate.
5.3.3 Diphoton production at the LHC
Photon pairs from the decay process H → γγ can be directly detected at the LHC.
When calculating its most important background rates, we impose the kinematic cuts
on the final state photons that reflect the optimal detection capabilities of the ATLAS
detector [124]:
pγT > 25 GeV, for the transverse momentum of each photons,
|yγ| < 2.5, for the rapidity of each photons, and
p1T/(p
1
T + p
2
T ) < 0.7, to suppress the fragmentation contribution, where p
1
T is the
transverse momentum of the photon with the higher pT value.
We also apply a ∆R = 0.4 separation cut on the photons, but our results are not
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Figure 5.7: Same as Fig. 5.2 except for the upgraded Tevatron.
sensitive to this cut. (This conclusion is similar to that in Ref. [132].) The total
rates and cross sections from the different partonic subprocesses are presented in
Tables 5.1 and 5.3. We have incorporated part of the higher order contributions to
this process by including A(2) in the Sudakov factor and C(1)gg in the Wilson coefficient
functions (cf. Ref. [132]). Within this ansatz, up to O(α3s), the gg → γγX rate is
about 24 pb, which increases the total K-factor by almost 1.0. The leading order
gg → γγ rate, via the box diagram, is about 22 pb and 14 pb for using the LO PDF
CTEQ4L and the NLO PDF CTEQ4M, respectively. The large difference mainly
due to the differences in the strong coupling constants used in the two calculations2:
CTEQ4L requires αs(mZ) = 0.132, while for CTEQ4M αs(mZ) = 0.116. The ratio
σ(qq¯ + qg → γγX)/σ(qq¯ → γγ) is 1.5, and σ(gg → γγX)/σ(qq¯ → γγ) is about 1.
Hence, the ratio of the resummed and the O(α0s) rates, is quite substantial.
Figs. 5.8–5.9 show our predictions for distributions of diphotons produced at the
2When using the CTEQ4L PDF, we consistently use the LO running coupling constant αs.
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Figure 5.8: Invariant mass and rapidity distributions of photon pairs, and transverse
momentum distributions of the individual photons at the LHC. The total resummed
contribution (upper solid), and the resummed qq¯ + qg → γγX (dashed), qq¯ → γγX
(dotted), gg → γγg (dash-dotted), as well as the fragmentation (lower solid) con-
tributions are shown separately. The qq¯ → γγ O(α0s) distribution is shown in the
middle solid curve.
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Ecm Collison qq¯ → γγX qg → γγX gg → γγ gg → γγg Fragmen-
(TeV) type 4L 4M tation
14 pp 20.5 16.6 22.3 14.4 23.9 6.76
2 pp¯ 9.68 4.81 6.02 4.34 8.26 2.15
Table 5.3: Cross sections of the subprocesses for diphoton production at the LHC
and the upgraded Tevatron, in units of pb. The resummed qg → γγX rate includes
the fragmentation contribution. The O(α2s) gg → γγ rates were calculated using both
the CTEQ4L and CTEQ4M PDF’s. The kinematic cuts are described in the text.
LHC. In Fig. 5.8 we plot the invariant mass and rapidity distribution of the photon
pairs, and the transverse momentum distribution of the individual photons. When
plotting the transverse momentum distributions of the individual photons we include
both photons per event. The total (upper solid) and the resummed qq¯ + qg → γγX
(dashed), qq¯ → γγX (dotted), gg → γγX (dash-dotted), and the fragmentation
(lower solid), as well as the leading order qq¯ → γγ (middle solid) contributions are
shown separately. The ratio of the resummed and the LO distributions is about 2.5
which is consistent with the result in Table 5.1. The relative values of the contribu-
tions from each subprocesses reflect the summary given in Table 5.3.
Fig. 5.10 shows various contributions to the transverse momentum of the photon
pair. At low QT values (QT ≪ Q), the qq¯ → γγX contribution is larger than
the qg → γγX contribution, while at high QT values (QT > Q), the qg → γγX
subprocess becomes more important. The gg contribution dominates the total rate
in low QT region, and the kink in the gg curve at about 50 GeV indicates the need
for the inclusion of the complete O(α3s) gg → γγg contribution. (Recall that our
prediction for the gg contribution at O(α3s) only holds for small QT , where the effect
of the initial-state soft-gluon radiation is relatively more important for a fixed Q.)
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Figure 5.9: The integrated cross section for photon pair production at the LHC.
The resummed and the O(αs) distributions are shown in solid and dashed lines,
respectively.
In Fig. 5.9 we give the integrated cross section as the function of the transverse
momentum of the photon pair produced at the LHC. Similarly to the Z0 pair pro-
duction, there is a significant shape difference between the resummed and the NLO
curves in the low to mid QT region. For Q
min
T = 50 GeV, the resummed rate is about
1.5 times of the NLO rate.
5.3.4 Diphoton production at the upgraded Tevatron
In Ref. [132], we have presented the predictions of the CSS resummation formalism
for the diphoton production at the Tevatron with
√
S = 1.8 TeV, and compared with
the data [134, 135]. In this Section, we show the results for the upgraded Tevatron
with
√
S = 2.0 TeV. We use the same kinematic cuts which were used in Ref. [132]:
pγT > 12 GeV, for the transverse momentum of each photons,
|yγ| < 0.9, for the rapidity of each photons.
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Figure 5.10: Transverse momentum distribution of photon pairs at the LHC. The
total resummed contribution (upper solid), the resummed qq¯ + qg → γγX (dashed),
qq¯ → γγX (dotted), gg → γγX (dash-dotted), as well as the fragmentation (lower
solid) contributions are shown separately.
An isolation cut of ∆R = 0.7 is also applied. The total cross sections and the rates
of the different subprocesses are given by Tables 5.1 and 5.3. The ratio of the
qq¯ + qg → γγX and qq¯ → γγ rates is about 1.5, similar to that at the LHC. The
leading order rate for the gg → γγ subprocess is about 6.0 pb and 4.3 pb for using
CTEQ4L and CTEQ4M PDF, respectively. The NLO rate for gg → γγg is estimated
to be 8.3 pb, using the approximation described in Ref. [132], which is about the same
magnitude as the leading order qq¯ → γγ rate. From our estimate of the NLO gg rate,
we expect that the complete O(α3s) contribution will be important for photon pair
production at the Tevatron.
Figs. 5.11–5.13 show our results for photon pairs produced at the upgraded Teva-
tron. The resummed predictions for the invariant mass and rapidity distributions of
the photon pairs, and the transverse momentum distribution of the individual photons
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Figure 5.11: Same as Fig. 5.8 but for the upgraded Tevatron.
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Figure 5.12: Same as Fig. 5.10 but for the upgraded Tevatron.
are shown in Fig. 5.11. In Fig. 5.12 we also plot the contributions to the transverse
momentum of the photon pair from the qq¯ + qg → γγX (dashed), qq¯ → γγX (dot-
ted), gg → γγg (dash-dotted), and the fragmentation (lower solid) subprocesses,
separately. The leading order qq¯ → γγ cross section (middle solid) is also plotted.
In the low QT region, the gg and the qq¯ rates are about the same, and the qg rate
becomes more important in the large QT region. Furthermore, after imposing the
above kinematic cuts, the fragmentation contribution is found to be unimportant.
Fig. 5.13 shows the integrated QT distribution. The qualitative features of these
distributions are the same as those predicted for the LHC. For QminT = 10 GeV, the
resummed cross section is about twice of the NLO cross section.
5.4 Conclusions
In this Section we studied the effects of the initial–state multiple soft–gluon emis-
sion on the total rates and various distributions of the most important background
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Figure 5.13: Same as Fig. 5.9 but for the upgraded Tevatron.
processes (pp, pp¯ → γγX,Z0Z0X) to the detection of the Higgs boson at the LHC.
We applied the extended CSS formalism to resum the large logarithms induced by
the soft–gluon radiation. We found that for the qq¯ and qg initiated processes, the
total cross sections and the invariant mass distributions of the photon and Z0 boson
pairs are in agreement with the fixed order calculations. From our estimate of the
NLO rate of the gg initiated process, we expect that the complete O(α3s) contribution
will be important for photon pair production at the Tevatron. We showed that the
resummed and the NLO transverse momentum distributions of the Z0 and photon
pairs are substantially different for QT <∼ Q/2. In terms of the integrated cross sec-
tion above a given QminT , this difference can be as large as 50% in the low to mid-range
of QminT . Using the resummation calculation, we are able to give a reliable prediction
of the QT and any other distribution in the full kinematical region at the LHC and
the Tevatron, even in the presence of kinematic cuts. Since the bulk of the signal
is in the low transverse momentum region, we conclude that the difference between
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the NLO and resummed predictions of the background rates will be essential when
extracting the signal of the Higgs boson at hadron colliders.
Chapter 6
Charged Scalar Production at
Hadron Colliders
6.1 Introduction
The top quark (t), among the three generations of fermions, is the only one with a
large mass as high as the electroweak scale. This makes the top the most likely place
to discover new physics beyond the Standard Model (SM). In a recent study [142],
it was proposed that, due to the top-mass enhanced flavor mixing Yukawa coupling
of the charm (c) and bottom (b) with a charged scalar or pseudo-scalar (φ±), the
s-channel partonic process cb¯, c¯b → φ±, can be an important mechanism for the
production of φ± at various colliders. From the leading order (LO) calculation [142],
it was demonstrated that the Fermilab Tevatron Run-II has the potential to explore
the mass range of the charged top-pions up to about 300–350GeV in the topcolor
(TopC) models [143, 144]. In this Chapter, we compute the complete next-to-leading
order (NLO) QCD corrections to the process qq¯′ → φ±, which includes the one-loop
virtual corrections and the contributions from the additional O(αs) processes,
qq¯′ → φ±g and qg → q′φ±. (6.1)
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The decay width and branching ratio (BR) of such a (pseudo-)scalar are also included
up to NLO to estimate the event rates. The QCD resummation of multiple soft-gluon
radiation is also carried out, which provides a better prediction of the transverse
momentum distribution of the (pseudo-)scalar particle. We shall choose the TopC
model [143] as a benchmark of our analysis. The generalization to the generic type-
III two-Higgs doublet model (2HDM) [145, 146] is straightforward since the QCD-
corrections are universal.1 The direct extension to the production of neutral (pseudo-
)scalars via bb¯ fusion is studied in the Minimal Supersymmetric SM (MSSM) [147, 11]
with large tanβ and in the TopC models with U(1)-tilted large bottom Yukawa
coupling [143, 144].
6.2 Charged (Pseudo-)Scalar Production via
Charm-Bottom Fusion
6.2.1 Fixed-Order Calculation
We study charged (pseudo-)scalar production via the top-mass-enhanced flavor mix-
ing vertex c-b-φ± [142]. The corresponding Yukawa coupling can be generally defined
as CLL̂+CRR̂ in which L̂ = (1−γ5)/2 and R̂ = (1+γ5)/2 . The total cross sections
for the φ+ production at hadron colliders (cf. Fig 1) can be generally expressed as
σ
(
h1h2 → φ+X
)
=∑
α,β
∫ 1
τ0
dx1
∫ 1
τ0
x1
dx2
[
fα/h1(x1, Q
2)fβ/h2(x2, Q
2) + (α↔ β)
]
σ̂αβ(αβ → φ+X),
(6.2)
where τ0 = m
2
φ/S, x1,2=
√
τ0 e
±y, mφ is the mass of φ±,
√
S is the center-of-mass
energy of the h1h2 collider, and fα/h(x,Q
2) is the parton distribution function (PDF)
1We note that the finite part of the counter term to the q-q¯′-φ0,± Yukawa vertex is renormalization
scheme- and model-dependent.
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of a parton α with the factorization scale Q. The quantity σ̂αβ is the partonic cross
section and has the following LO contribution for cb¯→ φ+ (cf. Fig. 1a) [142]:
σ̂αβLO = δαcδβb¯δ(1− τ̂)σ̂0 , σ̂0 ≡
π
12ŝ
(
|CL|2 + |CR|2
)
, (6.3)
where τ̂ = m2φ/ŝ with ŝ the center-of-mass energy of the sub-process, and the
terms suppressed by the small mass ratio (mc,b/mφ)
2 have been ignored. Since we
are interested in the inclusive production of the scalar φ, it is natural to choose the
factorization scale Q to be its mass mφ, which is of O(102−3)GeV and much larger
than the mass of charm or bottom quark. Hence, in this work, we will treat c and b as
massless partons inside proton or anti-proton and perform a NLO QCD calculation
with consistent sets of PDFs [148, 149, 150].
The NLO contributions are of O(αs), which contain three parts: (i) the one-
loop Yukawa vertex and quark self-energy corrections (cf. Fig. 1b-d); (ii) the real
gluon emission in the qq¯′-annihilations (cf. Fig. 1e); (iii) s- and t-channel gluon-
quark fusions (cf. Fig. 1f-g). The Feynman diagrams coming from permutations
are not shown in Fig. 1. Unlike the usual Drell-Yan type of processes (where the
sum of the one-loop quark-wavefunction renormalization and vertex correction gives
the ultraviolet finite result), we need to include the renormalization for the Yukawa
coupling (yj) which usually relates to the relevant quark mass (mqj ), i.e., we have
to add the counter term at the NLO (cf. Fig.1d) besides the contribution from
the usual wavefunction renormalization Zq1q2φ =
1
2
(Zq1 + Zq2) (cf. Fig.1c). This
applies to the Yukawa interactions of the SM and MSSM Higgs bosons as well as
the top-pions in the TopC models. It is clear that, for flavor-mixing vertex c-b-φ±
in the TopC model [cf. Eq. (6.10) below], the counter-term of the Yukawa coupling
is equal to the top quark mass counter-term δmt/mt, which we determine from the
top-quark mass renormalization in the on-shell scheme so that mt is the pole mass of
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                                   (b)                                      (c)(a) (d)
(e) (g)(f )
Figure 6.1: Representative diagrams for charged or neutral (pseudo-)scalar (dashed
line) production from quark-antiquark and quark-gluon collisons at O(α0s) and O(α1s):
(a) leading order contribution; (b-d) self-energy and vertex corrections (with counter
term); (e) real gluon radiation in qq¯′-fusion; (f-g) s- and t-channel gluon-quark fusions.
the top quark. In other cases such as in the general 2HDM (type-III) [146] and the
TopC models (with b-Higgs or b-pions) [151], some of their Yukawa couplings are not
related to quark masses or not of the above simple one-to-one correspondence, and
thus have their independent counter terms (δyj/yj). In addition to the virtual QCD-
loop corrections, the contributions of the real gluon emission from the initial state
quarks have to be included (cf. Fig. 1e). The soft and collinear singularities appeared
in these diagrams are regularized by the dimensional regularization prescription at
D = 4−2ǫ dimensions. After summing up the contributions of virtual gluon-loop and
real gluon-radiation (cf. Fig. 1b-e), the ultraviolet and soft singularities separately
cancel. The collinear singularities are still left over and should be absorbed into the
renormalization of the PDF [58]. (The MS renormalization scheme is used in our
calculation.) Finally, the gluon-quark fusion sub-processes (cf. Fig. 1f-g) should also
be taken into account and computed at general dimension-D. All these results are
separately summarized in Section 6.6.
The hadron cross sections become regular after renormalizing the Yukawa coupling
and the PDFs in (6.2), which are functions of the renormalization scale µ and the
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factorization scale µF (=
√
Q2). The partonic NLO cross section σ̂αβNLO (αβ → φ+X)
contains the contributions ∆σ̂qq¯′(qq¯
′ → φ+, φ+g), ∆σ̂qg(qg → φ+q′), and ∆σ̂q¯g(q¯g →
φ+q¯′):
(∆σ̂qq¯′ , ∆σ̂qg, ∆σ̂q¯g) = σ̂0 × αs
2π
(
δqcδq¯′b¯∆σcb¯, δqc∆σcg, δq¯b¯∆σb¯g
)
,
∆σcb¯ = CF
[
4
(
1 + τ̂ 2
)( ln(1− τ̂)
1− τ̂
)
+
− 21 + τ̂
2
1− τ̂ ln τ̂
+
(
2π2
3
− 2− Ω
)
δ(1− τ̂ ) + 2(1− τ̂ )
]
+ 2P (1)q←q(τ̂ ) ln
m2φ
Q2
,
∆σcg,b¯g = P
(1)
q←g(τ̂)
[
ln
(1− τ̂ )2
τ̂
+ ln
m2φ
Q2
]
− 1
4
(1− τ̂ ) (3− 7τ̂) ,
P (1)q←q(τ̂) = CF
(
1 + τ̂ 2
1− τ̂
)
+
, P (1)q←g(τ̂ ) =
1
2
[
τ̂ 2 + (1− τ̂)2
]
,
(6.4)
where τ̂ = m2φ/ŝ and CF = 4/3. The mass counter term for the Yukawa vertex
renormalization is determined in the on-shell scheme, i.e.,
δmt
mt
= −CFαs
4π
[
3
(
1
ǫ
− γE + ln 4π
)
+ Ω
]
, (6.5)
in the TopC model. Here, the bare mass mt0 and the renormalized mass mt are
related by mt0 = mt + δmt and mt ≃ 175GeV is taken to be the top-quark pole
mass. The finite part of the mass counter term is Ω = 3 ln
[
µ2/m2t
]
+4 in the TopC
model, where Ω ≥ 0 for µ ≥ mte−2/3 ≃ 90 GeV. In the following, we shall choose the
QCD factorization scale µF (set as the invariant mass
√
Q2) and the renormalization
scale µ to be the same as the scalar mass, i.e.,
√
Q2 = µ = mφ, which means that in
(6.4) the factor ln
(
m2φ/Q
2
)
vanishes and the quantity Ω becomes
Ω = 3 ln
[
m2φ/m
2
t
]
+ 4 . (6.6)
For the case of mφ ≫ mt, the logarithmic term ln
(
m2φ/m
2
t
)
becomes larger for
mφ ≫ mt, and its contributions to all orders in αs ln
(
m2φ/m
2
t
)
may be resummed by
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introducing the running Yukawa coupling yt(µ), or correspondingly, the running mass
mt(µ). In the above formula, mt is the pole mass (m
pol
t ≃ 175GeV) and is related to
the one-loop running mass via the relation [152]
mt(µ) = mt(m
pol
t )
[
1− 3CF
4π
αs(µ) ln
µ2
mpolt
]
, mt(m
pol
t ) = m
pol
t
[
1 +
CF
π
αs(m
pol
t )
]−1
.
(6.7)
Using the renormalization group equation, one can resum the leading logarithms to
all orders in αs [153] and obtains
mt(µ) = mt(m
pol
t )
[
αs(µ)
αs(m
pol
t )
] 9CF
33−2nf
, (6.8)
with nf = 6 for µ > mt . Thus, to include the running effect of the Yukawa coupling,
we can replace the (mpolt )
2-factor (from the Yukawa coupling) inside the square of the
S-matrix element [up to O(αs)] by the running factor
m2t (µ)
1 + 2CFαs(µ)π
1 + 3
4
ln
(
µ
mpolt
)2 = m2t (µ)
[
1 +
CFαs(µ)
2π
Ω
]
, (6.9)
where the logarithmic term in the bracket [· · ·] is added to avoid double-counting with
the resummed logarithms inside m2t (µ). It is clear that this [1 + (CFαs(µ)/2π)Ω]
factor will cancel the Ω-term inside the NLO hard cross section ∆σ̂cb¯ in Eq. (6.4)
at O(αs), so that the net effect of the Yukawa vertex renormalization (after the
resummation of leading logarithms) is to replace the relevant tree-level on-shell quark
mass (related to the Yukawa coupling) by its MS running mass [cf. Eq. (6.8)] and
remove the Ω-term in Eq. (6.4). When the physical scale µ (chosen as the scalar mass
mφ) is not much larger than mt, the above running effect is small since the ln(µ/mt)
factor in the Yukawa counter-term δmt/mt is small. However, the case for the neutral
scalar production via the bb¯ annihilation can be different. When the loop correction
to the φ0-b-b¯ Yukawa coupling contains the logarithm ln(µ/mb), which is much larger
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than ln(µ/mt), these large logarithms should be resummed into the running coupling,
as we will do in Section 4.
In the TopC model, there are three pseudo-scalars, called top-pions, which are
predicted to be light, with a mass around of O(100 ∼ 300) GeV. The relevant Yukawa
interactions for top-pions, including the large tR-cR flavor-mixing, can be written as
2
[142]
LπtY = −
mt tanβ
v
[
iKttURK
tt
UL
∗
tLtRπ
0
t +
√
2KttUR
∗
KbbDLtRbLπ
+
t +
iKtcURK
tt
UL
∗
tLcRπ
0
t +
√
2KtcUR
∗
KbbDLcRbLπ
+
t + h.c.
]
,
(6.10)
where tanβ =
√
(v/vt)2 − 1∼O(4−1.3) with the top-pion decay constant vt∼O(60−
150 GeV), and the full vacuum expectation value (vev) v ≃ 246 GeV (determined by
the Fermi constant). The analysis from top-quark decay in the Tevatron tt¯ events sets
a direct lower bound on the charged top-pion mass to be larger than about 150GeV
[154, 143]. The existing low energy LEP/SLD measurement of Rb, which slightly
lies above the SM value by about 0.9σ [155], also provides an indirect constraint on
the top-pion Yukawa coupling CtbR = (
√
2mt/v) tanβ due to the one-loop contribution
of charged top-pions to Rb. However, given the crude approximation in estimating
the top-pion loops (with all higher loop orders ignored) and the existence of many
other sources of contributions associated with the strong dynamics, the indirect Rb
constraint is not conclusive [143]. For instance, it was shown that the 3σ Rb bound
from the one-loop top-pion correction can be fully removed if the top-pion decay
constant vt is increased by a factor of 2 (which can be the typical uncertainty of the
Pagels-Stokar estimate) [143, 156]; also, the non-perturbative contributions of coloron-
2As pointed out in Ref. [142], an important feature deduced from (6.10) is that the charged top-
pion pi±t mainly couples to the right-handed top (tR) or charm (cR) but not the left-handed top (tL)
or charm (cL), in contrast to the standard W -t-b coupling which involves only tL. This makes the
top-polarization measurement very useful for further discriminating the signal from the background
events.
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⇓
⇑
Figure 6.2: Estimated current 3σ-bounds in the TopC model and 2HDM-III: (a)
the 3σ upper bound on the top-pion Yukawa coupling CtbR ; (b) the 3σ lower bound on
the top-pion decay constant; (Here, in (a) and (b), the solid curves are derived from
the combined LEP/SLD data of RExpb = 0.21656 ± 0.00074 while dashed curves are
from the same 3σ combined experimental error but with the central Rb-value equal
to RSMb = 0.2158.) (c) the Rb-predictions of 2HDM-III with coupling ξtt = 1.0 and
1.5 (solid curves) and the 3σ Rb-bounds (dashed lines).
exchanges can shift the Rb above its SM value [143] and tend to cancel the negative
top-pion corrections. Due to these reasons, it is clear that the inconclusive Rb-bound
in TopC models should not be taken seriously. Nevertheless, to be on the safe side, we
will uniformally impose the roughly estimated Rb-constraint in our current analysis
of the TopC model, by including only the (negative) one-loop top-pion contribution
as in Ref. [156].3 As shown in Fig. 6.2a, the current 3σ Rb-bound requires a smaller
3 However, it is important to keep in mind that such a rough Rb-bound is likely to over-constrain
the top-pion Yukawa coupling since only the negative one-loop top-pion correction (but nothing else)
is included in this estimate. A weaker Rb-bound will less reduce the top-pion Yukawa coupling and
thus allow larger production rates of charged top-pions at colliders which can be obtained from our
current analysis by simple re-scaling.
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top-pion Yukawa coupling, CtbR ∼1.3−2 (or, tan β∼1.3−2), for the low mass region of
mπ±t ∼200−500GeV. Since the top-pion decay constant vt is related to tan β, this also
results in a constraint of vt to be around 150∼100GeV when mπ±t ∼200− 500GeV
(cf. Fig. 6.2b). The usual Pagels-Stokar estimate of vt (by keeping only the leading
logarithm but not constant terms) gives vt∼64−97GeV for the topC breaking scale
Λ∼1−10TeV, where a typical factor of 2∼3 uncertainty in the calculation of v2t is
expected [157, 143]. This estimate is slightly lower than the Rb-constrained vt-values
in Fig. 6.2b, but is still in reasonable consistency (given the typical factor of
√
2∼√3
error in the leading logarithmic Pagels-Stokar estimate of vt).
In (6.10), KUL,R and KDL,R are defined from diagonalizing the up- and down-type
quark mass matrices MU and MD: K
†
ULMUKUR = M
dia
U , K
†
DLMDKDR = M
dia
D ,
with MdiaU = diag(mu, mc, mt) and M
dia
D = diag(md, ms, mb). For the class-I TopC
models [151], we have constructed [142] a realistic and attractive pattern of KUL
and KDL so that the well-constrained Cabibbo-Kobayashi-Maskawa (CKM) matrix
V (= K†ULKDL) can be reproduced in the Wolfenstein-parametrization [158] and all
potentially large contributions to the low energy data (such as the K-K¯, D-D¯ and
B-B¯ mixings and the b → sγ rate) can be avoided [142]. We then found that the
right-handed rotation matrix KUR is constrained such that its 33 and 32 elements
take the values as [142]
KttUR ≃ 0.99−0.94, KtcUR ≤
√
1−KttUR2 ≃ 0.11−0.33, (6.11)
which show that the tR-cR flavor mixing can be naturally around 10− 30%.
For the current numerical analysis we make the benchmark choice [142] based
upon the above TopC model and consider
CtbR = CtbR (Rb constrained), CcbR = CtbRKtcUR ≃ CtbR × 0.2, CtbL = CcbL = 0. (6.12)
It is trivial to scale the numerical results presented in this Chapter to any other
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values of CL,R when needed. Unless specified otherwise, we use CTEQ4M PDF [38]
to calculate the rates. Note that CTEQ4M PDFs are consistent with the scheme
used in the current study which treats the initial state quarks as massless partons in
computing the Wilson coefficient functions. The only effect of the heavy quark mass
is to determine at which scale Q this heavy quark parton becomes active.4 In our
case, the scale Q = mφ ≫ mc, mb.
In Fig. 6.3, we present the total cross sections for the charged top-pion production
as functions of its mass, at the Tevatron (a pp¯ collider at 1.8 and 2TeV) and the LHC
(a pp collider at 14TeV). We compare the improvements by including the complete
NLO results [cf. (6.4)] and by including the resummed running Yukawa coupling or
running mass [cf. (6.8)]. For this purpose, we first plot the LO total cross sections
with the tree-level Yukawa coupling [dash-dotted curves, cf. (6.3) and (6.12)] and
with the resummed running Yukawa coupling or running mass [dotted curves, cf.
(6.3) and (6.8)]; then we plot the NLO cross sections with the one-loop Yukawa
coupling [dashed curves, cf. (6.4)] and with the resummed running Yukawa coupling
or running mass [solid curves, cf. (6.4), (6.8) and (6.9)] . We see that at the LHC there
is a visible difference between the pure LO results with tree-level Yukawa coupling
(dash-dotted curves) and other NLO and/or running-coupling improved results. But
at the Tevatron, the LO results with running Yukawa coupling (dotted curves) are
visibly smaller than the results in all other cases for mφ > 300GeV. This shows that
without the complete NLO calculation, including only the running Yukawa coupling in
a LO result may not always warrant a better improvement. Finally, the comparison in
Fig. 6.3 shows that the resummed running Yukawa coupling or top-mass [cf. Eq. (6.8)]
does not generate any significant improvement from the one-loop running. This is
because the top-mass is large and αs ln
(
m2φ/m
2
t
)
is small for mφ up to 1TeV. Thus,
4This is the Collins-Wilczek-Zee (CWZ) scheme [159].
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the improvement of the resummation in (6.8) has to come from higher order effects
of αs ln
(
m2φ/m
2
t
)
. However, as to be shown in Section 6.5 the situation for summing
over powers of αs ln
(
m2φ/m
2
b
)
is different due to mb ≪ mt, mφ .
Fig. 6.4 is to examine the individual NLO contributions to the charged top-pion
production via the qq¯′ and qg sub-processes, in comparison with the full NLO con-
tributions.5 The LO contributions are also shown as a reference.6 [Here q denotes
the heavy charm or bottom quark.] In this figure, there are three sets of curves
for the charged top-pion production cross sections: the highest set is for the LHC
(
√
S = 14TeV), the middle set is for the upgraded Tevatron (
√
S = 2TeV), and
the lowest set is for the Tevatron Run I (
√
S = 1.8TeV). The LO cross sections are
plotted as dotted lines while the NLO cross sections as solid ones. The dashed lines
show the contributions from the qq¯′-fusion sub-processes, and the dash-dotted lines
describe the contributions from the qg-fusion sub-processes. The qg-fusion cross sec-
tions are negative and are plotted by multiplying a factor of −1, for convenience. For
a quantitative comparison of the individual NLO contributions versus the full NLO
results, we further plot, in Fig. 6.5, the ratios (called K-factors) of the different NLO
contributions to the LO cross section by using the same set of CTEQ4M PDFs. The
solid lines of Fig. 6.5 show that the overall NLO corrections to the pp, pp¯ → φ±X
processes are positive for mφ above ∼150 (200) GeV and lie below ∼15 (10)% for the
Tevatron (LHC) in the relevant mass region. This is in contrast with the NLO cor-
rections to the W± boson production at hadron colliders, which are always positive
and as large as about 25% at the Tevatron [137]. The reason of this difference origi-
nates from the differences in the ∆σqq¯′ and ∆σqg,gq¯ for φ
± and W± production. While
in the case of W± production the positive ∆σqq¯′ piece dominates, in the case of φ±
5 Unless specified, qg includes both qg and q¯g contributions.
6 With the exception of Figs. 6.3, 6.8, and 6.12, we only show our numerical results with the
resummed running Yukawa coupling or running mass.
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production the size of negative ∆σqg,gq¯ piece becomes comparable with that of the
positive ∆σqq¯′ such that a non-trivial cancellation occurs.
While it is reasonable to take the renormalization and the factorization scales to
be mφ for predicting the inclusive production rate of φ
+, it is desirable to estimate
the uncertainty in the rates due to different choices of PDFs. For that purpose, we
examine a few typical sets of PDFs from CTEQ4, which predict different shapes of
charm, bottom and gluon distributions. As shown in Table 6.1 and Fig. 6.6, the
uncertainties due to the choice of PDF set are generally within ±20% for the relevant
scalar mass ranges at both the Tevatron and the LHC.
6.3 Soft-Gluon Resummation
The O(αs) corrections to the (pseudo-)scalar production involve the contributions
from the emission of real and virtual gluons, as shown in Figs. 1(e), (b), and (c).
As the result of the real gluon radiation, the (pseudo-)scalar particle will acquire
a non-vanishing transverse momentum (QT ). When the emitted gluons are soft,
they generate large logarithmic contributions of the form: αsln
m (Q2/Q2T )/Q
2
T (in the
lowest order), where Q is the invariant mass of the (pseudo-)scalar, and m = 0, 1.
These large logarithms spoil the convergence of the perturbative series, and falsify
the O(αs) prediction of the transverse momentum when QT ≪ Q.
To predict the transverse momentum distribution of the produced (pseudo-)scalar,
we utilize the Collins–Soper–Sterman (CSS) formalism [44, 45, 46], resumming the
logarithms of the type αns ln
m (Q2/Q2T ) /Q
2
T , to all orders n in αs (m = 0, ..., 2n −
1). The resummation calculation is performed along the same line as for vector
boson production in Chapter 3. Here we only give the differences from that given in
Chapter 3. But for convenience, we also list the A(1), A(2), and B(1) coefficients of
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Collider Upgraded Tevatron (2TeV) LHC (14TeV)
Process\PDF 4A1 4M 4A5 4HJ 4A1 4M 4A5 4HJ
367 382 376 387 5380 5800 6060 5890
LO 42.6 43.7 41.5 46.6 863 901 896 906
6.88 7.05 6.56 8.38 235 240 323 241
370 402 412 407 5430 6080 6510 6170
NLO 45.6 48.6 47.9 51.6 912 976 997 981
7.70 8.21 7.89 9.56 255 266 264 268
551 584 585 590 7530 8290 8740 8400
qq¯ → φ+X 64.5 67.4 65.5 71.7 1210 1280 1290 1290
10.6 11.1 10.5 13.0 331 341 335 343
− 180 − 181 − 174 − 183 −2100 −2200 −2240 −2230
qg → φ+X −19.2 −18.9 −17.5 −19.9 −299 −302 −293 −303
−2.94 −2.86 −2.59 −3.34 −76.0 −74.7 −70.6 −75.0
Table 6.1: Cross sections in fb for charged top-pion production in the TopC model at
the upgraded Tevatron and the LHC are shown, by using four different CTEQ4 PDFs.
They are separately given for the LO and NLO processes, and for the qq¯ → φ+X and
qg → φ+X sub-processes. At the upgraded Tevatron the top number is for mφ = 200
GeV, the middle is for mφ = 300 GeV, and the lowest is for mφ = 400 GeV. At the
LHC the top number is for mφ = 400 GeV, the middle is for mφ = 700 GeV, and the
lowest is for mφ = 1 TeV.
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the Sudakov exponent, which have been used in the current analysis:
A(1) (C1) = CF , B
(1) (C1 = b0, C2 = 1) = −3
2
CF ,
A(2) (C1 = b0) = CF
[(
67
36
− π
2
12
)
NC − 5
18
nf
]
,
(6.13)
where CF = 4/3 is the Casimir of the fundamental representation of SU(3), NC = 3
is the number of SU(3) colors, and nf is the number of light quark flavors with
masses less than Q. In the above we used the canonical values of the renormalization
constants C1 = b0, and C2 = 1.
To recover the O (αs) total cross section, we also include the Wilson coefficients
C
(1)
iα , among which C
(1)
ij differs from the vector boson production (here i denotes quark
or antiquark flavors, and α = qi or gluon g). Explicitly,
C
(0)
jk (z, b, µ, C1/C2) = δjkδ(1− z), C(0)jg (z, b, µ, C1/C2) = 0,
C
(1)
jk (z, b, µ, C1/C2) = δjkCF
{
1
2
(1− z)− 1
CF
ln
(
µb
b0
)
P
(1)
j←k(z)
+ δ(1− z)
[
− ln2
(
C1
b0C2
e−3/4
)
+
V
4
+
9
16
]}
,
C
(1)
jg (z, b, µ, C1/C2) =
1
2
z(1− z)− ln
(
µb
b0
)
P
(1)
j←G(z), (6.14)
where P
(1)
j←g is the O(αs) gluon splitting kernels [42] given in Section 1.2.3. In the
above expressions, V = VDY = −8 + π2 for the vector boson production [137], and
V = VΦ = π2 for the (pseudo-)scalar production, when using the running mass given in
Eq. (6.8) for the Yukawa coupling. Using the canonical values of the renormalization
constants, ln(µb/b0) vanishes, because µ = C1/b = b0/b.
The only remaining difference between the resummed formulae of the vector boson
and (pseudo-)scalar production is in the regular (Y ) terms, which comes from the
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difference of the O (αs) real emission amplitude squares (cf., the definitions of T −1qq
and T −1qg in Section 2.1.3 and Eqs. (6.22) and (6.25) of this Chapter). The non-
perturbative sector of the CSS resummation (the non-perturbative function and the
related parameters) is assumed to be the same as that in Ref. [137].
As described in Ref. [137], the resummed total rate is the same as the O(αs) rate,
when we include C
(1)
iα and Y
(1), and switch from the resummed distribution to the
fixed order one at QT = Q. When calculating the total rate, we have applied this
matching prescription. In the case of the (pseudo-)scalar production, the matching
takes place at high QT ∼ Q values, and the above matching prescription is irrelevant
when calculating the total rate because the cross sections there are negligible. Thus,
as expected, the resummed total rate differs from theO(αs) rate only by a few percent.
Since the difference of the resummed and fixed order rate indicates the size of the
higher order corrections, we conclude that for inclusive (pseudo-)scalar production
the O(α2s) corrections are likely much smaller than the uncertainty from the parton
distribution functions (cf. Fig.6.5).
In Fig. 6.7, we present the numerical results for the transverse momentum dis-
tributions of the charged top-pions (in TopC model) and the charged Higgs bosons
(in 2HDM) produced at the upgraded Tevatron and the LHC. The solid curves show
the resummation prediction for the typical values of mφ. The dashed curves, from
the O(αs) prediction, are irregular as QT → 0. The large difference of the transverse
momentum distributions between the results from the resummation and fixed-order
analyses throughout a wide range of QT shows the importance of using the resumma-
tion prediction when extracting the top-pion and Higgs boson signals. We also note
that the average value of QT varies slowly as mφ increases and it ranges from 35 to
51GeV for mφ between 250 and 550 GeV at the 14 TeV LHC, and from 23 to 45GeV
for mφ between 200 and 300 GeV at the 2 TeV Tevatron.
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Figure 6.3: Top-pion production cross sections at the present Tevatron, upgraded
Tevatron, and the LHC. For each collider we show the NLO cross section with the
resummed running Yukawa coupling (solid), and with one-loop Yukawa coupling
(dashed), as well as the LO cross section with resummed running Yukawa coupling
(dotted) and with tree-level (dash-dotted) Yukawa coupling. The cross sections at√
S = 1.8 TeV (thin set of lowest curves) are multiplied by 0.1 to avoid overlap with
the
√
S = 2 TeV curves.
6.4 Hadronic Decays of Charged (Pseudo-)Scalars
to O(αs)
In the TopC models, the current Tevatron data from the top quark decay into charged
top-pion (π±t ) and b-quark already requires the mass of π
±
t to be above ∼150 GeV
[143, 154]. In the current analysis, we shall consider mπt > mt + mb, so that its
dominant decay channels are π±t → tb, cb .
The decay width of π±t (= φ±), including the O(αs) QCD corrections, is given by
[160, 161]:
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Figure 6.4: Cross sections for the charged top-pion production in the TopC model
at the present Tevatron, upgraded Tevatron and the LHC. The NLO (solid), the qq¯′
(dashed) and qg (dash-dotted) sub-contributions, and the LO (dotted) contributions
are shown. Since the qg cross sections are negative, they are multiplied by −1 in the
plot. The cross sections at
√
S = 1.8 TeV (thin set of lowest curves) are multiplied
by 0.1 to avoid overlap with the
√
S = 2 TeV curves.
ΓNLO(Q) = ΓLO(Q)
[
1 +
αsCF
2π
R
]
,
ΓLO(Q) =
3
16π
Q
(
|CL|2 + |CR|2
)
(1− r)2,
R = 9
2
(1− r)2 + (1− r)
(
3− 7r + 2r2
)
ln
r
1− r +
[
3 ln
Q2
m2t
+ 4− Ω
]
− 2(1− r)2
[
ln(1− r)
1− r − 2Li2
(
r
1− r
)
− ln(1− r) ln r
1− r
]
,
(6.15)
in which Q =
√
Q2 is the invariant mass of φ±. The small bottom and charm masses
are ignored so that r ≡ (mt/mφ)2 for tb final state and r = 0 for cb final state.
Thus, for φ± → cb, the quantity R reduces to R = 17/2 − Ω . In Fig. 6.8, we
present the results for total decay widths of φ+ and branching ratios of φ+ → tb¯ in
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Figure 6.5: TheK-factors for the φ+ production in the TopC model are shown for the
NLO (K = σNLO/σLO, solid lines), qq¯
′ (K = σqq¯′/σLO = (σLO + ∆σqq¯′)/σLO, dashed
lines), and qg (K = −∆σqg/σLO, dash-dotted lines) contributions, at the upgraded
Tevatron (a) and the LHC (b).
the TopC model and the 2HDM. For the 2HDM, we also show the branching ratios of
the W+h0 channel, which is complementary to the tb¯ channel. The NLO (solid) and
LO (dashed) curves differ only by a small amount. In the same figure, the K-factor,
defined as the ratio of the NLO to the LO partial decay widths, is plotted for the
φ+ → tb¯ (solid) and → cb¯ (dashed) channels. Here, the sample results for the 2HDM
are derived for the parameter choice: α = 0 and (Mh, MA) = (100, 1200)GeV.
With the decay width given above, we can study the invariant mass distribution
of tb for the s-channel φ+-production:
dσ
dQ2
[
h1h2 →(φ+X)→ tb¯X
]
= σ
[
h1h2→φ+(Q)X
] (Q2Γφ/mφ) Br [φ+→ tb¯]
π
[(
Q2−m2φ
)2
+ (Q2Γφ/mφ)
2
] ,
(6.16)
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Figure 6.6: The ratios of NLO cross sections computed by four different sets of
CTEQ4 PDFs relative to that by the CTEQ4M for charged top-pion production at
the upgraded Tevatron (a) and the LHC (b).
where Γφ and Br
[
φ+→ tb¯
]
are the total decay width of φ+ and the branching ratio of
φ+ → tb¯, respectively, which are calculated up to the NLO. We note that the one-loop
box diagrams with a virtual gluon connecting the initial state quark and final state
quark (from the hadronic decay of φ) have vanishing contribution at O(αs) because
the scalar φ is color-neutral. In Fig. 6.9a and Fig. 6.10a, we plot the invariant mass
distribution for t-b¯ and t¯-b pairs from φ± (top-pion signal) and W±∗ (background)
decays in the TopC model. In these plots, we have included the NLO contributions,
as a function of Q, to the W±∗ background rate at the Tevatron and the LHC. The
overall K-factor (after averaging over the invariant mass Q) including both the initial
and final state radiations is about 1.4 (1.34) for the Tevatron (LHC) [162]. The total
rate of W±∗ up to the NLO is about 0.70 [0.86] pb and 11.0 pb at the 1.8 [2] TeV
Tevatron and the 14 TeV LHC, respectively.
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Figure 6.7: Transverse momentum distributions of charged top-pions produced in
hadronic collisions. The resummed (solid) and O(αs) (dashed) curves are calculated
for mφ = 200, 250, and 300 GeV at the upgraded Tevatron (a), and for mφ = 250,
400, and 550 GeV at the LHC (b).
Before concluding this section, we discuss how to generalize the above results to
the generic 2HDM (called type-III [146]), in which the two Higgs doublets Φ1 and Φ2
couple to both up- and down-type quarks and the ad hoc discrete symmetry [163] is
not imposed. The flavor-mixing Yukawa couplings in this model can be conveniently
formulated under a proper basis of Higgs doublets so that <Φ1>= (0, v/
√
2)T and
<Φ2>= (0, 0)
T . Thus, the diagonalization of the fermion mass matrix also diagonalizes
the Yukawa couplings of Φ1, and all the flavor-mixing effects are generated by Yukawa
couplings (Ŷ Uij and Ŷ
D
ij ) of Φ2 which exhibit a natural hierarchy under the ansatz
[145, 146]
Ŷ U,Dij = ξ
U,D
ij
√
mimj/<Φ1> (6.17)
with ξU,Dij ∼ O(1). This ansatz highly suppresses the flavor-mixings among light
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Figure 6.8: Total decay widths of φ+ and BRs of φ+ → tb¯ in the TopC model
and 2HDM. (For the 2HDM, the BR of the W+h0 channel is also shown, which is
complementary to the tb¯ channel.) In Fig. (a) and (b), the NLO (solid) and LO
(dashed) curves differ only by a small amount. In Fig. (c), the K-factor, which is
defined as the ratio of the NLO to the LO partial decay widths, is shown for the
φ+ → tb¯ (solid) and → cb¯ (dashed) channels. The sample results for the 2HDM in
this figure are derived for the parameter choice (ξUtt , ξ
U
tc) = (1.5, 1.5), α = 0, and
(mh, mA) = (120, 1200)GeV.
quarks and identifies the largest mixing coupling as the one from the t-c or c-t tran-
sition. A recent renormalization group analysis [164] shows that such a suppression
persists at the high energy scales. The relevant Yukawa interactions involving the
charged Higgs bosons H± are [142]:
LCCY =
H+
[
tR (Ŷ
†
UV )tb bL − tL (V ŶD)tb bR + cR (Ŷ †UV )cb bL − cL (V ŶD)cb bR
]
+ h.c.
≃ H+
[
tR Ŷ
U∗
tt bL + cR Ŷ
U∗
tc bL
]
+ h.c. + (small terms) ,
(6.18)
where Ŷ Utt = ξ
U
tt × (
√
2mt/v) ≃ ξUtt , and Ŷ Utc = ξUtc × (
√
2mtmc/v) ≃ ξUtc × 9% , in
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Figure 6.9: Invariant mass distribution of t-b¯ and t¯-b pairs from φ± (signal) andW±∗
(background) decays at the Tevatron Run-II for the TopC model (a), and 2HDM
with Higgs mixing angles α = 0 (b), and α = π/2 (c). We show the signal for
mφ = 200, 250, 300 and 350GeV. The solid curves show the results from the NLO
calculation, and the dashed ones from the LO analysis.
which ξUtc ∼ O(1) is allowed by the current low energy data [146, 165]. As a result,
the Yukawa counter term in Fig. 1d involves both δmt and δmc. Consequently, we
need to replace the NLO quantity Ω in the finite part of the Yukawa counter term
[cf. the definition below (6.4)] by
Ω(2HDM) = 3 ln
[
m2φ/(mtmc)
]
+ 4 , (6.19)
for the type-III 2HDM. In the relevant φ±-c-b coupling of this 2HDM, we note that,
similar to the case of the TopC model, only the right-handed charm is involved [142],
i.e.,
CtbL = CcbL = 0, CtbR = ξUtt (
√
2mt/v), CcbR ≃ ξUtc × 9%. (6.20)
where the parameters (ξUtt , ξ
U
tc) are expected to be naturally aroundO(1). We have ex-
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Figure 6.10: Invariant mass distribution of t-b¯ and t¯-b pairs from φ± (signal) and
W±∗ (background) decays at the LHC for the TopC model (a), and for the 2HDM
with the Higgs mixing angles α = 0 in (b), and α = π/2 in (c). Here the charged
pseudo-scalar or scalar mass are chosen as the typical values of mφ = 250, 400 and
550GeV. The solid curves show the results by the NLO calculation, while the dashed
ones come from the LO analysis.
amined the possible constraint of ξUtt from the current Rb data and found that the typ-
ical values of ξUtt ∼1.0−1.5 are allowed for mH± >∼ 200GeV (cf. Fig. 6.2c).7 The pro-
duction cross section ofH± in this 2HDM can be obtained by rescaling the result of the
TopC model according to the ratio of the coupling-square [CtcR (2HDM)/CtcR (TopC)]2∼[
0.09ξUtc/0.2CtbR (TopC)
]2
(which is about 1/7 for ξUtc = 1.5 and the charged scalar mass
around 400GeV).
Finally, we note that there are three neutral Higgs bosons in the 2HDM, the CP-
even scalars (h0, H0) and the CP-odd pseudo-scalar A0. The mass diagonalization
for h0 and H0 induces the Higgs mixing angle α. The low energy constraints on this
7 Our calculation of Rb in the 2HDM-III is consistent with those in Ref. [166] and Ref. [165]
(though a larger ξUtt -value was chosen in the numerical analysis of Ref. [165]).
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Figure 6.11: Invariant mass distributions of W+-h0 and W−-h0 pairs from φ± (s-
channel resonance) and W±∗ (s-channel non-resonance) decays at the Tevatron Run-
II, and at the LHC, for the 2HDM with Higgs mixing angles α = 0. We show the
signal formφ = 200, 250 and 300GeV at the Tevatron (a), and formφ = 250, 400 and
550GeV at the LHC (b). The solid curves show the results of the NLO calculation,
and the dashed ones of the LO analysis.
model require [146, 165] mh, mH ≤ mH± ≤ mA or mA ≤ mH± ≤ mh, mH . For
the case of mH± > mh0 +MW , the H
± → W±h0 decay channel is also open. Taking,
for example, α = 0 and (mh, mA) = (120, 1200)GeV, we find from Fig. 6.8b that
the tb and Wh0 decay modes are complementary at low and high mass regions of
the charged Higgs boson H±. In Figs. 6.9b-c and 6.10b-c, we plot the invariant mass
distributions of tb¯ and t¯b pairs from H± (signal) and W±∗ (background) decays in
the 2HDM at the 2TeV Tevatron and the 14TeV LHC, with the typical choice of
the parameters:
(
ξUtt , ξ
U
tc
)
= (1.5, 1.5) in Eq. (6.20), (mh, mA) = (120, 1200)GeV,
and α = 0 or π/2. [A larger value of ξUtt will simultaneously increase (reduce) the
BR of tb (Wh0) mode.] We see that, due to a smaller c-b-H± coupling [cf. (6.20)],
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it is hard to detect such a charged Higgs boson with mass mH± > 250GeV at the
Tevatron Run-II. We then examine the potential of the LHC for the high mass range
of H±. Similar plots are shown in Figs. 6.9b-c for α = 0 and α = π/2, respectively.
When cosα is large (e.g., α = 0), the branching ratio of the tb-channel decreases
as mH± increases (cf. Fig. 6.8b), so that the LHC does not significantly improve
the probe of the large mH±, range via the single-top mode (cf. Fig. 6.10b). In this
case, the W±h0 channel, however, becomes important for large mH± , as shown in
Fig. 6.11 (cf. Fig. 6.8b, for its decay branching ratios) since the H±-W∓-h0 coupling
is proportional to cosα [146]. On the other hand, for the parameter space with small
cosα (e.g., α = π/2), the W±h0 channel is suppressed so that the single-top mode is
important even for large mass region of H±.8 This is illustrated in Fig. 6.10c at the
LHC for α = π/2. In order to probe the whole parameter space and larger mH± , it
is important to study both tb and Wh0 (or WH0) channels.
6.5 Generalization to Neutral (Pseudo-)Scalar
Production via bb¯ Fusion
The QCD corrections are universal so that the generalization to the production of
neutral scalar or pseudo-scalar φ0 via the bb¯ fusion is straightforward, i.e., we only
need to replace (6.19) by
Ω(φ0bb¯) = 3 ln
[
m2φ/m
2
b
]
+ 4 , (6.21)
in which mφ is the mass of φ
0. The finite piece of the Yukawa renormalization
[cf. the quantity Ω in (6.5)] is scheme-dependent. We can always define the φ0-b-b¯
Yukawa coupling as
√
2mb/v times an enhancement factor K so that the Yukawa
8Note that the H±-W∓-H0 coupling is proportional to sinα and is thus enhanced for small cosα.
In this case, the WH0 mode may be important provided that H0 is relatively light. We will not
further elaborate this point here since it largely depends on the mass of H0.
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counter term is generated by δmb/mb.
9 After resumming the leading logarithmic
terms,
[
αs ln(m
2
φ/m
2
b)
]n
, via the renormalization group technique, the net effect of
the Yukawa renormalization is to change the Yukawa coupling or the related quark-
mass into the corresponding MS running coupling or mass, as discussed in the previous
section.
The bb¯ decay branching ratios of the neutral Higgs bosons in the MSSM with
large tanβ are almost equal to one [168]. The same is true for the b-Higgs or b-
pion in the TopC model [143]. It has been shown that at the Tevatron, the bb¯
di-jet final states can be properly identified [169]. The same technique developed
for studying the resonance of the coloron or techni-ρ in the bb¯ decay mode [169] can
also be applied to the search of the neutral Higgs bosons with large bottom Yukawa
coupling. When the neutral scalar or pseudo-scalar φ0 is relatively heavy, e.g., in the
range of O(250− 1000) GeV, the QCD di-jet backgrounds can be effectively removed
by requiring the two b-jets to be tagged with large transverse momenta (PT ) because
the PT of each b-jet from the φ
0 decay is typically at the order of mφ/2. Hence, this
process can provide complementary information to that obtained from studying the
φ0bb¯ associate production [170, 167, 171].
We first consider the production of the neutral Higgs boson φ0, which can be
either A0, h0, or H0, in the MSSM with large tanβ, where the corresponding Yukawa
couplings to bb¯ and τ+τ− are enhanced relative to that of the SM since yD/ySMD is
equal to tanβ, − sinα/ cosβ, or cosα/ cosβ, respectively, at the tree-level. In the
large tan β region, the MSSM neutral Higgs bosons dominantly decay into bb¯ and τ+τ−
final states, which can be detected at the hadron colliders. In comparison with the
recent studies on the φ0bb¯ [167] and φ0τ+τ− [172] associate production, we expect the
9 This specific definition works even if the Yukawa coupling is not related to any quark mass.
For instance, the bottom Yukawa couplings of the b-Higgs and b-pion in the TopC model [143, 167]
are independent of quark masses because the b-Higgs does not develop vev.
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inclusive φ0 production via the bb¯-fusion would be more useful for mφ being relatively
heavy (e.g., mφ ≥ 200−300 GeV) because of the much larger phase space as well as a
better suppression of the backgrounds in the high PT region. The total LO and NLO
cross sections for the inclusive production process pp, pp¯→ A0X at the Tevatron and
the LHC are shown in Figs. 6.12a and b, in parallel to Figs. 6.3 and 6.4 for the case
of charged top-pion production. Here, we have chosen tanβ = 40 for illustration.
The cross sections at other values of tan β can be obtained by multiplying the scaling
factor (tanβ/40)2 . From Fig. 6.12a, we see a significant improvement from the pure
LO results (dash-dotted curves) by resumming over the large logarithms of m2φ/m
2
b
into the running Yukawa coupling. The good agreement between the LO results with
running Yukawa coupling and the NLO results is due to a non-trivial, and process-
dependent, cancellation between the individual O(αs) contributions of the bb¯ and bg
sub-processes. In contrast to the production of the charged top-pion or Higgs boson
via the initial state cb¯ or c¯b partons, the neutral Higgs boson production involves
the bb¯ parton densities. The K-factors for the ratios of the NLO versus LO cross
sections of pp¯/pp → A0X are presented in Fig. 6.13 for the MSSM with tanβ = 40.
The main difference is due to the fact that the individual contribution by the O(αs)
bg-fusion becomes more negative as compared to the case of the charged top-pion
production shown in Fig. 6.5. This makes the overall K-factor of the NLO versus
LO cross sections range from about −(16∼17)% to +5% at the Tevatron and the
LHC. In parallel to Table 1 and Fig. 6.6, we have examined the uncertainties of the
CTEQ4 PDFs for the A0-production at the Tevatron and the LHC, and the results
are summarized in Table 6.2 and Fig. 6.14).
The transverse momentum (QT ) distributions of A
0, produced at the upgraded
Tevatron and at the LHC, are shown in Fig. 6.15 for various A0 masses (mA) with
tan β = 40. The solid curves are the result of the multiple soft-gluon resummation,
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and the dashed ones are from the O(αs) calculation. The shape of these transverse
momentum distributions is similar to that of the charged top-pion (cf. Fig. 6.7). The
fixed order distributions are singular as QT → 0, while the resummed ones have a
maximum at some finite QT and vanish at QT = 0. When QT becomes large, of
the order of mA, the resummed curves merge into the fixed order ones. The average
resummed QT varies between 25 and 30 (40 and 60) GeV in the mass range of mA
from 200 to 300 (250 to 550)GeV at the Tevatron (LHC).
We also note that for large tanβ, the SUSY correction to the running φ0-b-b¯
Yukawa coupling is significant [173] and can be included in a way similar to our recent
analysis of the φ0bb¯ associate production [167]. To illustrate the SUSY correction to
the b-Yukawa coupling, we choose all MSSM soft-breaking parameters as 500 GeV,
and the Higgs mixing parameter µ = ±500 GeV. Depending on the sign of µ, the
SUSY correction to the φ0-b-b¯ coupling can either take the same sign as the QCD
correction or have an opposite sign [167]. In Fig. 6.12c, the solid curves represent the
NLO cross sections with QCD correction alone, while the results including the SUSY
corrections to the running bottom Yukawa coupling are shown for µ = +500GeV
(upper dashed curves) and µ = −500GeV (lower dashed curves). As shown, these
partial SUSY corrections can change the cross sections by about a factor of 2. The
above results are for the inclusive production of the CP-odd Higgs boson A0 in the
MSSM. Similar results can be easily obtained for the other neutral Higgs bosons (h0
and H0) by properly rescaling the coupling strength. We also note that in the large
tan β region, there is always a good mass-degeneracy between either h0 and A0 (in
the low mass region with mA
<∼ 120GeV) or H0 and A0 (in the high mass region with
mA
>∼ 120GeV), as shown in Figs. 10 and 11 of Ref. [167].
We then consider the large bottom Yukawa coupling of the neutral b-Higgs (h0b) and
b-pion (π0b ) in the TopC model [143, 151, 167]. The new strong U(1) force in this model
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Collider Upgraded Tevatron (2TeV) LHC (14TeV)
Process\PDF 4A1 4M 4A5 4HJ 4A1 4M 4A5 4HJ
2020 1900 1660 1920 18100 19800 16600 17900
LO 166 153 129 163 1520 1440 1280 1440
19.9 18.2 15.0 21.7 258 238 206 238
1810 1780 1620 1800 17100 17400 16700 17500
NLO 160 154 134 164 1520 1470 1350 1470
20.3 19.3 16.4 22.9 265 250 222 251
3040 2900 2590 2930 25400 25400 24100 25600
qq¯ → φ0X 253 237 203 251 2140 2050 1850 2050
31.0 28.8 24.0 33.8 364 339 298 340
−1230 −1120 −970 −1130 −8320 −8010 −7370 −8050
qg → φ0X −92.9 −83.1 −69.0 −87.5 −623 −575 −505 −574
−10.6 −9.42 −7.59 −10.9 −98.8 −88.8 −75.8 −88.7
Table 6.2: Cross sections in fb for neutral Higgs boson production in the MSSM
with tan β = 40, at the upgraded Tevatron and the LHC, are shown for four different
CTEQ4 PDFs. They are separately given for the LO and NLO processes, and for
the bb¯ → A0X and bg → A0X sub-processes. For the upgraded Tevatron the top
number is for mA = 200 GeV, the middle is for mA = 300 GeV, and the lowest is for
mA = 400 GeV. For the LHC the top number is for mA = 400 GeV, the middle is for
mA = 700 GeV, and the lowest is for mA = 1 TeV.
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Figure 6.12: LO and NLO cross sections for the neutral Higgs A0 production in the
MSSM with tanβ = 40, at the Tevatron and the LHC. (a) For each collider we show
the NLO cross sections with the resummed running Yukawa coupling (solid) and with
one-loop Yukawa coupling (dashed), as well as the LO cross sections with resummed
running Yukawa coupling (dotted) and with tree-level Yukawa coupling (dash-dotted).
(b) The NLO (solid), the bb¯ (dashed) and bg (dash-dotted) sub-contributions, and
the LO (dotted) contributions are shown. Since the bg cross sections are negative,
they are multiplied by −1 in the plot. The cross sections at √S = 1.8 TeV (thin set
of lowest curves) are multiplied by 0.1 to avoid overlap with the
√
S = 2 TeV curves.
(c) The NLO cross sections with QCD running Yukawa coupling (solid curves) and
those with additional SUSY correction to the running coupling are shown (upper
dashed lines for the Higgs-mixing parameter µ = +500GeV and lower dashed lines
for µ = −500GeV).
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Figure 6.13: The K-factors for the A0 production in the MSSM with tanβ = 40
are shown for the NLO (K = σNLO/σLO, solid lines), bb¯ (K = σbb¯/σLO = (σLO +
∆σbb¯)/σLO, dashed lines), and bg (K = −∆σbg/σLO, dash-dotted lines) contributions,
at the upgraded Tevatron (a) and the LHC (b).
is attractive in the <t¯t> channel but repulsive in the <b¯b> channel. Thus, the top but
not the bottom acquires dynamical mass from the vacuum. This makes the t-Yukawa
coupling (yt) super-critical while the b-Yukawa coupling (yb) sub-critical, at the TopC
breaking scale Λ, i.e., yb(Λ)
<∼ ycrit=
√
8π2/3
<∼ yt(Λ) , which requires yb being close
to yt and thus naturally large. Our recent renormalization group analysis [167] shows
that the relation yb(µ)∼yt(µ) holds well at any scale µ below Λ. For the current
numerical analysis, we shall choose a typical value of yb(mt) ≃ yt(mt) ≈ 3, i.e.,
|CbbL | = |CbbR | ≃ 3/
√
2. In Fig. 6.16, we plot the production cross sections of h0b or
π0b at the Tevatron and the LHC. This is similar to the charged top-pion production
in Fig. 6.4, except the non-trivial differences in the Yukawa couplings (due to the
different tree-level values and the running behaviors) and the charm versus bottom
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Figure 6.14: The ratios of NLO cross sections computed by four different sets
of CTEQ4 PDFs relative to that by the CTEQ4M for neutral pseudo-scalar (A0)
production in the MSSM with tan β = 40, at the upgraded Tevatron (a) and the
LHC (b).
parton luminosities.
6.6 Summary of the Analytic Results
In this Section, we present the individual NLO parton cross sections computed at
D = 4− 2ǫ dimensions. We note that, unlike the usual Drell-Yan type processes, the
one-loop virtual contributions (cf. Fig. 1b-d) are not ultraviolet (UV) finite unless the
new counter term from Yukawa coupling (related to the quark-mass renormalization,
cf. Fig. 1e) is included.
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Figure 6.15: Transverse momentum distributions of pseudo-scalar A0 produced via
hadronic collisions, calculated in the MSSM with tan β = 40. The resummed (solid)
andO(αs) (dashed) curves are shown formA = 200, 250, and 300GeV at the upgraded
Tevatron (a), and for mA = 250, 400, and 550GeV at the LHC (b).
6.6.1 Partonic processes cb¯→ φ+X
The spin- and color-averaged amplitude-square for the cb¯→ φ+g process is
|M|2 = 2πCF
3
αs
(
|CL|2 + |CR|2
)
µ2ǫ
[
(1− ǫ)
(
t̂
û
+
û
t̂
+ 2
)
+ 2
ŝ m2φ
t̂ û
]
. (6.22)
The individual contributions (from the virtual loop and real gluon emission) to
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Figure 6.16: Cross sections for the neutral b-pion π0b or b-Higgs h
0
b production via the
bb¯-fusion in the TopC model at the Tevatron and the LHC. The NLO (solid), the qq¯′
(dashed) and qg (dash-dotted) sub-contributions, and the LO (dotted) contributions
with resummed running Yukawa coupling are shown. Since the qg cross sections are
negative, they are multiplied by −1 in the plot. The cross sections at √S = 1.8 TeV
(thin set of lowest curves) are multiplied by 0.1 to avoid overlap with the
√
S = 2
TeV curves.
the NLO partonic cross section are:
∆σ̂virtualloop = σ̂0
αsCF
2π
(
4πµ2
Q2
)ǫ
Γ(1− ǫ)
Γ(1− 2ǫ)
[
− 2
ǫ2
+
2π2
3
− 2
]
δ(1− τ̂),
∆σ̂virtualcount = σ̂0
αsCF
2π
(4π)ǫ
Γ(1− ǫ)
Γ(1− 2ǫ)
[
−3
ǫ
− Ω
]
δ(1− τ̂ ),
∆σ̂realcb¯ = σ̂0
αsCF
2π
(
4πµ2
Q2
)ǫ
Γ(1− ǫ)
Γ(1− 2ǫ)
[
2
ǫ2
δ(1− τ̂) + 3
ǫ
δ(1− τ̂)− 2
ǫ
P (1)q←q(τ̂)C
−1
F
+4
(
1 + τ̂ 2
) ( ln(1− τ̂ )
1− τ̂
)
+
− 21 + τ̂
2
1− τ̂ ln τ̂ + 2(1− τ̂)
]
,
P (1)q←q(τ̂) = CF
(
1 + τ̂ 2
1− τ̂
)
+
= CF
[
1 + τ̂ 2
(1− τ̂)+
+
3
2
δ(1− τ̂ )
]
,
(6.23)
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where the standard plus prescription (· · ·)+ is given by∫ 1
0
dα ξ(α) [χ(α)]+ =
∫ 1
0
dαχ(α) [ξ(α)− ξ(1)] . (6.24)
In (6.23), the infrared
1
ǫ2
poles cancel between ∆σ̂virtualloop and ∆σ̂
real
cb¯ . The term ∆σ̂
virtual
loop
from the virtual loop actually contains two types of
1
ǫ
poles inside [· · ·] : 3
ǫUV
+
3
ǫIR
with ǫUV = −ǫIR ≡ ǫ = (4−D)/2 > 0. Also, the −3
ǫ
pole inside the Yukawa counter-
term contribution ∆σ̂virtualcount is ultraviolet while the +
3
ǫ
pole inside ∆σ̂realcb¯ is infrared
(IR). We see that the contribution ∆σ̂virtualcount from the counter term of the Yukawa
coupling is crucial for cancelling the UV divergence from ∆σ̂virtualloop (which is absent
in the usual Drell-Yan type processes), while the soft
1
ǫ
divergences between ∆σ̂virtualloop
and ∆σ̂realcb¯ cancel. Finally, the
1
ǫ
collinear singularity inside ∆σ̂realcb¯ will be absorbed
into the re-definition of the PDF via the quark-quark transition function P (1)q←q(τ̂). All
the finite terms are summarized in Eq. (6.4).
6.6.2 Partonic processes gc, gb¯→ φ+X
The spin- and color-averaged amplitude-square for the gc, gb¯→ φ+X process is
|M|2 = παs
3(1− ǫ)
(
|CL|2 + |CR|2
)
µ2ǫ
[
(1− ǫ)
(
ŝ
−t̂ +
−t̂
ŝ
− 2
)
− 2 ûm
2
φ
ŝ t̂
]
. (6.25)
The O(αs) partonic cross section for the quark-gluon fusions is given by:
∆σ̂realcg,b¯g = σ̂0
αsCF
2π
(
4πµ2
Q2
)ǫ [(
−1
ǫ
Γ(1− ǫ)
Γ(1− 2ǫ) + ln
(1− τ̂ )2
τ̂
)
P (1)q←g(τ̂)
+
1
4
(−3 + 7τ̂ )(1− τ̂ )
]
,
P (1)q←g(τ̂) =
1
2
[
τ̂ 2 + (1− τ̂ )2
]
,
(6.26)
where it is clear that the collinear
1
ǫ
singularity will be absorbed into the re-definition
of the PDF via the gluon-splitting function P (1)q←g(τ̂). The final result is finite and is
given in Eq. (6.4).
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6.7 Conclusions
In summary, we have presented the complete O(αs) QCD corrections to the charged
scalar or pseudo-scalar production via the partonic heavy quark fusion process at
hadron colliders. We found that the overall NLO corrections to the pp¯/pp → φ±
processes are positive for mφ above ∼150 (200) GeV and lie below ∼15 (10)% for
the Tevatron (LHC) in the relevant range of mφ (cf. Fig. 6.5). The inclusion of
the NLO contributions thus justifies and improves our recent LO analysis [142]. The
uncertainties of the NLO rates due to the different PDFs are systematically examined
and are found to be around 20% (cf. Table 1 and Fig. 6.6). The QCD resummation to
include the effects of multiple soft-gluon radiation is also performed, which provides
a better prediction of the transverse momentum (QT ) distribution of the scalar φ
0,±,
and is important for extracting the experimental signals (cf. Fig. 6.7). We confirm
that the Tevatron Run-II (with a 2 fb−1 integrated luminosity) is able to explore the
natural mass range of the top-pions up to about 300–350GeV in the TopC model
[143, 151]. On the other hand, due to a possibly smaller φ±-b-c coupling in the
2HDM, we show that to probe the charged Higgs boson with mass above 200GeV in
this model may require a high luminosity Tevatron (with a 10 − 30 fb−1 integrated
luminosity). The LHC can further probe the charged Higgs boson of the 2HDM
up to about O(1) TeV via the single-top and W±h0 (or W±H0) production. The
complementary roles of the tb and W±h0 channels in the different regions of the
Higgs mass and the Higgs mixing angle α are demonstrated. We have also analyzed a
direct extension of our NLO results to the neutral (pseudo-)scalar production via the
bb¯-fusion for the neutral Higgs bosons (A0, h0, H0) in the MSSM with large tan β, and
for the neutral b-pion (π0b ) or b-Higgs (h
0
b) in the TopC model with U(1)-tilted large
bottom Yukawa coupling. In comparison with the φ0bb¯ associate production [167],
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this inclusive φ0-production mechanism provides a complementary probe for a neutral
Higgs boson (with relatively large mass), whose decay products, e.g., in the bb¯ or ττ
channel, typically have high transverse momenta (∼ mφ/2) and can be effectively
detected [169]. This is particularly helpful for the discovery reach of the Tevatron.
Further detailed Monte Carlo analyses at the detector level should be carried out to
finally conclude the sensitivity of the Tevatron Run-II and the LHC via this process.
We mention that a recent paper [174] also studied the QCD corrections for the
neutral Higgs production bb¯ → H0 within the SM, and partially overlaps with our
work as the pure NLO QCD correction is concerned. The overlapped part is in
general agreement with ours except that we determine the counter term of the Yukawa
coupling (expressed in terms of the relevant quark mass) by the on-shell scheme (cf.
Refs. [160, 161]) while Ref. [174] used MS scheme. After resumming the leading
logarithms into the running mass or Yukawa coupling, the two results coincide. Note
that the apparent large O(αs) correction derived in Ref. [174] is due to the fact
that it only includes the contribution from the bb¯ sub-process, which is part of our
complete O(αs) contribution. The inclusion of the NLO contribution from the bg
sub-process, which turns out to be negative and partially cancels the bb¯ contribution,
yields a typical size ofO(αs) correction to the production rate of a neutral Higgs boson
produced via heavy quark fusion. The bg sub-process is identified as O(1/ ln[mH/mb])
instead of O(αs) correction in Ref. [174].
Appendix A
Probing Higgs Bosons with Large
Bottom Yukawa Coupling at
Hadron Colliders
A.1 Introduction
A major task for all future high energy colliders is to determine the electroweak
symmetry breaking (EWSB) mechanism for generating the (W±, Z0) masses and the
mechanism for the fermion mass generation [175]. Whether the two mechanisms are
correlated or not is an interesting and yet to be determined issue. Given the large
top quark mass (mt = 175.6 ± 5.5 GeV [176]), as high as the EWSB scale, it has
been speculated that the top quark may play a special role for the EWSB. One of
such ideas is that some new strong dynamics may involve a composite Higgs sector
to generate the EWSB and to provide a dynamical origin for the top quark mass
generation (e.g., the top-condensate/top-color models [144]). Another idea is realized
in the supersymmetric theories in which the EWSB is driven radiatively by the large
top quark Yukawa coupling [177].
In the minimal standard model (SM) there is only one Higgs doublet, which leaves
a physical neutral scalar boson as the remnant of the spontaneous EWSB. The Yukawa
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couplings of the SM Higgs are determined from the relevant SM fermion masses di-
vided by the vacuum expectation value (vev), v ≃ 246 GeV. Thus, aside from the
coupling to the heavy top quark, all the other SM Yukawa couplings are highly sup-
pressed, independent of the Higgs boson mass. For the top-condensate/topcolor type
of models [144], with a composite Higgs sector, the new strong dynamics associated
with the top sector plays a crucial role for generating the large top mass and (possibly)
the W,Z boson masses. As to be discussed below, in this scenario, the interactions of
the top-bottom sector with the composite Higgs bosons are different from that in the
SM. Due to the infrared quasi-fixed-point structure [178] and the particular boundary
conditions at the compositeness scale, the bottom Yukawa coupling to the relevant
Higgs scalar is naturally as large as that of the top in such models. In the minimal
supersymmetric extension of the SM (MSSM) [179], there are two Higgs doublets,
whose mass spectrum includes two neutral scalars (h and H), a pseudoscalar (A) and
a pair of charged scalars (H±). The MSSM Higgs sector contains two free parameters
which are traditionally chosen as the ratio of the two Higgs vev’s (tanβ = vu/vd)
and the pseudoscalar mass (mA). A distinct feature of the MSSM is that in the large
tan β region the Higgs Yukawa couplings to all the down-type fermions are enhanced
by either tanβ or 1/ cosβ. Among the down-type fermions, the bottom quark has
the largest mass and so the largest Yukawa coupling. Thus, it represents a likely
place where new physics could reveal itself experimentally. This common feature,
the large bottom Yukawa coupling relative to that of the SM, present in both types
of the (conceptually quite distinct) models discussed above, serves as the theoretical
motivation for our analysis.
Since the third family b quark, as the weak isospin partner of the top, can have
large Yukawa coupling with the Higgs scalar(s) in both composite and supersymmetric
models, we recently proposed [180] to use the b quark as a probe of possible non-
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standard dynamics in Higgs and top sectors. In fact, because of the light b mass
(≃ 5 GeV) relative to that of the top (≃ 175 GeV), the production of Higgs boson
associated with b quarks (pp¯/pp → φbb¯ → bb¯bb¯) may be experimentally accessible at
the Fermilab Tevatron1 or the CERN Large Hadron Collider (LHC)2, even though the
large top mass could render associated Higgs production with top quarks (pp¯/pp →
φtt¯) infeasible. As we will show, this makes it possible for the Run II of the Tevatron
and the LHC to confirm the various models in which the b-quark Yukawa coupling is
naturally enhanced relative to the SM prediction. However, if the φbb¯ signal is not
found, the Tevatron and the LHC can impose stringent constraints on the models with
either a composite or a supersymmetric Higgs sector, in which the Yukawa coupling of
the Higgs boson(s) and bottom quark is expected to be large. In [181], this reaction
was explored at the LHC and the Tevatron3 to probe the supersymmetry (SUSY)
parameters of the MSSM. The conclusion was that, with efficient b-tagging, useful
information concerning the MSSM could be extracted from either the LHC or a high
luminosity Tevatron. In this work, we expand upon earlier results [180] in which it
was concluded that even the much lower integrated luminosity of the Tevatron Run II
can provide useful information through this reaction, provided an optimized search
strategy is employed. This analysis is based on the model-independent results in
Ref. [182], where the relevant backgrounds were calculated and an effective search
strategy to extract a signal from the backgrounds were presented.
In what follows, after deriving the exclusion contours on the mA-tanβ plane of the
MSSM, we analyze its implication on the supergravity[183] and gauge-mediated[184]
models of soft SUSY breaking that naturally predict a large tanβ. The comparison of
our Tevatron Run II results with the LEP II bounds (from the Zh and hA channels)
1 A pp¯ collider with
√
s = 2 TeV.
2 A pp collider with
√
s = 14 TeV.
3 In [181], a 1.8 TeV pp¯ Tevatron was assumed with an integrated luminosity of 30 fb−1, and the
squark mixings of the MSSM were neglected.
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is also presented, illustrating the complementarity of our analysis to other existing
Higgs search strategies.
A.2 Constraints On MSSM Parameters and Impli-
cations for Models of Soft-breaking of SUSY
Supersymmetry (SUSY) is one of the most natural extensions of the SM, mainly
because of its ability to solve the hierarchy problem, as well as for its capacity to
imitate the current experimental success of the SM, despite the plethora of the in-
troduced new particles and free parameters [183]. The Minimal Supersymmetric SM
(MSSM) [179] requires a two Higgs doublet extension of the SM [175] together with
the corresponding supersymmetric partners. The model includes all renormalizable
interactions that respect the standard gauge group SU(3)C ⊗ SU(2)L ⊗ U(1)Y and
supersymmetry. In order to prevent potentially dangerous baryon and lepton number
violating interactions, invariance under a discrete R-parity4 is also required. To be
compatible with data, supersymmetry has to be broken. The breaking of SUSY is
parametrized by the general set of soft-breaking terms, which, in principle, should be
deduced from a specific underlying model for SUSY breaking, such as the supergrav-
ity [183] and gauge-mediated [184] models. In this section, we discuss the potential
of the Tevatron and the LHC to test MSSM via measuring the production rate of φbb¯
mode. We shall also discuss the implication of this result on various supergravity and
gauge-mediated models of soft SUSY-breaking.
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Higgs A h H
yU/y
SM
U cotβ cosα/ sin β sinα/ sinβ
yD/y
SM
D tan β − sinα/ cosβ cosα/ cosβ
gφV V /y
SM
φV V 0 sin(β − α) cos(β − α)
Table A.1: Comparison of the neutral MSSM Higgs couplings to up-type (U = u, c, t)
and down-type (D = d, s, b; e, µ, τ) fermions and to the gauge-boson (V = W,Z) pairs.
The ratios to the corresponding SM couplings are shown, which are determined by
angles β and α at the tree-level.
A.2.1 Bottom Yukawa Couplings and the MSSM Higgs Sec-
tor
In the MSSM, the Higgs couplings to the SM fermions and gauge bosons involve two
new free parameters at the tree-level, which are the vacuum angle β(≡ arctan vu/vd)
and the Higgs mixing angle α. These couplings are shown in Table A.1. We see that
the MSSM Higgs couplings to the gauge boson pairs are always suppressed relative
to that of the SM, while their couplings to the down(up)-type fermions are enhanced
in the large (small) tan β region. These enhanced Yukawa couplings are of great
phenomenological importance for the Higgs detection and especially for probing the
associated new dynamics in the top-bottom sector. Alternatively, we can choose tanβ
and the pseudoscalar mass mA as two free parameters. Then, at the one-loop level,
α can be calculated from
tan 2α = tan 2β
(
m2A +m
2
Z
) [
m2A −m2Z +
ǫt
cos 2β
]−1
, (A.1)
with α ∈ (−π/2, 0). Here the parameter ǫt represents the dominant top and stop loop
corrections which depend on the fourth power of the top mass mt and the logarithm
4The R-parity is defined in such a way that SM particles are even under R and their superpartners
are odd.
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of the stop mass M2
t˜
:
ǫt =
3GFm
4
t√
2π2 sin2 β
log
(
M2
t˜
m2t
+ 1
)
. (A.2)
Note that for large tanβ, the bottom and sbottom loop corrections can also be impor-
tant. Hence, in our numerical analysis below we have included the complete radiative
corrections with full mixing in the stop and sbottom sectors, and the renormalization
group improvements are also adopted.5 As shown in Table A.1, the A-b-b¯ coupling
has no explicit α dependence. The bottom Yukawa couplings ybbh and ybbH are α-
and β-dependent, their magnitudes relative to the SM prediction are displayed in
Fig. A.1a as a function of mA for various tanβ values. It shows that for mA above
∼ 110 GeV, the h-b-b¯ coupling quickly decreases, approaching to the SM value for all
tan β, while the H-b-b¯ coupling increases for large tanβ. Therefore, we expect that
in the large tanβ region, the production rate of Abb¯ or hbb¯ can be large for small
mA, while the rate of Abb¯ or Hbb¯ are enhanced for large mA. Whether the signals of
the two Higgs scalars (A and h or A and H) can be experimentally resolved as two
separate signals (e.g., two bumps in the bb¯ invariant mass distribution) depends on
their mass degeneracy.
The MSSM Higgs boson mass spectrum can be determined by taking the second
derivative on Higgs effective potential with respect to the Higgs fields. At tree-
level, the resulting Higgs masses obey the relations: mh ≤ mZ cos 2β, mZ ≤ mH ,
mh ≤ mA ≤ mH , and mW ≤ mH±. However, these relations are substantially
modified by radiative corrections [186]. Including the important contributions from
top and stop loops, the masses of h and H can be written as:
m2h,H =
1
2
{(
M2 + ǫt
)
∓
5 We have used the HDECAY program [185] to compute the Higgs masses, couplings and decay
branching ratios.
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Figure A.1: Bottom Yukawa couplings to the MSSM Higgs bosons and the mass
differences, mA −mh and mH −mA, as a function of mA for tan β values: 2.0, 5.0,
10.0, 20.0, 30.0, 40., 50.0. In (a), ybbh is in solid and ybbH is in dashed, and tanβ
decreases from top to bottom curves. In (b), mA − mh is in solid, mH − mA is in
dashed, and tan β increases from the top to bottom curves. Here, all the SUSY
soft-breaking mass parameters are chosen to be 500 GeV.
[(
M2 + ǫt
)2 − 4ǫt (m2Z cos2 β +m2A sin2 β)− 4m2Zm2A cos2 2β] 12
}
, (A.3)
where M2 ≡ m2Z +m2A and the parameter ǫt is defined in (A.2). To analyze the Higgs
mass degeneracies, we plot the mass differences mA-mh and mH -mA in Fig. A.1b
using the complete radiative corrections to the Higgs mass spectrum [185]. We see
that for the large tanβ values, the pseudoscalar A is about degenerate in mass with
the lighter neutral scalar h below ∼ 120 GeV and with the heavier neutral H above
∼ 120 GeV. This degeneracy indicates that the φbb¯ signal from the MSSM generally
contains two mass-degenerate scalars with similar couplings, and thus results in a
stronger bound on tanβ by about a factor of
√
2.
Finally, we note that in Fig. A.1, all soft-breaking mass parameters were chosen to
be 500 GeV. Various choices of SUSY soft-breaking parameters typically affect these
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Figure A.2: The same as the previous figure, but in (a)-(b), we change the right-
handed stop mass to 200 GeV, and in (c)-(d), we use the “LEP II Scan A2” set of
SUSY parameters.
quantities by about 10%-30%. To illustrate these effects, we plot in Fig. A.2 the same
quantities, but changing the right-handed stop mass to Mt˜ = 200 GeV in (a-b), and
in (c-d) we use the “LEP2 II Scan A2” set of SUSY parameters6 for comparison.
Because the MSSM predicts a large bottom quark Yukawa coupling for large tanβ,
and the mass of the lightest neutral scalar has to be less than ∼ 130GeV, we expect
that the Tevatron and the LHC can test this model via measuring the φbb¯ production
rate. In the following, we shall discuss the range of the mA-tanβ plane that can
be explored at various colliders. Some models of SUSY soft-breaking predict a large
tan β with light Higgs scalar(s), and thus predict a large φbb¯ rate. Without observing
such a signal, one can impose a stringent constrain on the model. This will also be
discussed below.
6 The parametersm0 andM2 are fixed at 1 TeV, µ is chosen to be −100 GeV and mt = 175 GeV.
The scalar trilinear coupling Ai is fixed at
√
6 TeV, corresponding to the maximal left- and right-
handed top-squark mixing. Detailed prescription about this set of parameter scan can be found in
Ref. [187, 188].
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A.2.2 Constraints on MSSM from φbb¯ production at Teva-
tron and LHC
To use the model-independent result of Kmin obtained in Ref. [182] to constrain the
mA-tanβ plane in the MSSM, one needs to calculate the SUSY Higgs boson masses,
decay branching ratios, and their couplings to the bottom quark for a given set of the
soft breaking parameters. In the following numerical analysis, we use the HDECAY
code to include the full mixings in the stop/sbottom sector with QCD and electroweak
radiative corrections [185]. For simplicity, we assume that the superpartners are all
heavy enough so that the decays of the Higgs bosons into them are forbidden. Under
this assumption, we find that the decay branching ratio of h→ bb¯ is close to one for
the relevant region of the parameter space.
As explained above, we combine signals from more than one scalar boson provided
their masses differ by less than ∆mexp, which is the maximum of the experimental
mass resolution (cf. footnote-7) and the natural decay width of the scalar boson.
Since the results of Ref. [182] are given in terms of the minimal enhancement factor
Kmin defined in Eq.(1) of that reference, we need to convert them into exclusion
bounds in the mA-tanβ plane of the MSSM, in case that a signal is not found. The
bound on tan βmin (with the possible mass degeneracy included) can be derived from
that on Kmin (for a single scalar) by requiring
tan2β BR(A→ bb¯) + ∑
φ=h,H
θ (∆mexp − |∆MAφ|)
(
yφb
ySMb
)2
BR(φ→ bb¯) ≥ K2min , (A.4)
where ySMb and y
φ
b denote the b quark Yukawa coupling in the SM and the MSSM
(with φ = h or H), respectively. Inside the argument of the θ-function, ∆MAφ is
the mass difference between A and φ. Thus, the equality sign in the above relation
determines the minimal value tan βmin for each given Kmin.
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(a)
(b)
Figure A.3: 95% C.L. exclusion contours in the mA-tanβ plane of the MSSM.
The areas above the four boundaries are excluded for the Tevatron Run II with the
indicated luminosities, and for the LHC with an integrated luminosity of 100 fb−1.
The soft SUSY breaking parameters were chosen uniformly to be 500 GeV in Fig. (a),
while the inputs of the “LEP II Scan A2” are used for the Fig. (b) in which LEP II
excludes the left area of the solid curve.
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To estimate the exclusion regions in the mA-tanβ plane, a set of soft breaking
parameters has to be chosen, which should be compatible with the current data
from the LEP II and the Tevatron experiments, while not much larger than 1 TeV.
For simplicity, we choose all the soft SUSY breaking parameters (and the Higgs
mixing parameter-µ) to be 500 GeV as our “default” values, i.e., Msoft = 500 GeV.
In Fig. A.3a, we show the 95% C.L. exclusion contours in the mA-tanβ plane derived
from the measurement of pp¯/pp → φbb¯ → bb¯bb¯, using this “default” set of SUSY
parameters. The areas above the four boundaries are excluded for the Tevatron
Run II with the indicated luminosities, and for the LHC with an integrated luminosity
of 100 fb−1. Needless to say, different choice of SUSY parameters, such as the mass
and the mixing of the top squarks and the value (and sign) of the parameter µ,
would modify this result. To compare the potential of the Tevatron and the LHC in
constraining the MSSM parameters via the φbb¯ (φ = h,A,H) production to that of the
LEP II experiments via Zφ and hA production, we consider one of the “benchmark”
parameter scans discussed in [187, 188], which is called the “LEP II Scan A2”12 set.
For this set of SUSY parameters, the LEP II exclusion contour [187, 188] at the
95% C.L. is displayed in Fig. A.3b, for a center-of-mass energy of 200 GeV and an
integrated luminosity of 100 pb−1 per LEP II experiment. As shown in Fig. A.3b,
the Tevatron Run II result, in comparison with the LEP II result, can already cover
a substantial region of the parameter space with only a 2 fb−1 luminosity. Thus,
detecting the φbb¯ signal at hadron colliders can effectively probe the MSSM Higgs
sector, especially for models with large tanβ values. Furthermore, formA
>∼ 100 GeV,
Tevatron Run II is complementary with LEP II, because the latter is not sensitive
to that region of parameter space. The LHC can further probe the MSSM down to
tan β ∼ 7 (15) for mA < 400 (1000) GeV. This is also shown in Fig. A.4 using the
“default” set of SUSY parameters, in which the region above the upper curve is the
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Figure A.4: Discovery and exclusion contours in the mA-tanβ plane of the MSSM
for the LHC with an integrated luminosity of 100 fb−1. The area above the lower
boundary is excluded at 95% C.L., while the upper boundary is the 5σ discovery
contour. The soft SUSY breaking parameters were chosen uniformly to be 500 GeV.
discovery contour at the 5σ level for the LHC with an integrated luminosity of 100
fb−1, and the area above the lower curve can be excluded at 95% C.L., if a signal is
not found.
For completeness, we also present the exclusion contours in the mh-tanβ and
mA-tanβ planes for both the “default” and the “LEP II Scan A2” sets of SUSY pa-
rameters. They are shown in Figs. A.5 and A.6. Again, we see that the Tevatron Run
II and the LHC bounds sensitively and complementarily cover the MSSM parameter
space in contrast with the LEP II results. We have also studied the bounds with
the “LEP II Scan A1” inputs [187, 188] and found that the exclusion contours from
the φbb¯ production are similar to those with “LEP II Scan A2” inputs. The most
noticeable difference is that the theoretically allowed range for mh becomes smaller
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(a)
(b)
Figure A.5: 95% C.L. exclusion contours in the mh-tanβ plane of the MSSM.
The areas above the four boundaries are excluded for the Tevatron Run II with the
indicated luminosities, and for the LHC with an integrated luminosity of 100 fb−1.
LEP II can exclude the area on the left-hand side of the solid curve in the lower plot.
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by about 10GeV in the “Scan A1” set, as compared to the “Scan A2” inputs.
Even though our analyses, described above and in Ref. [182] are quite different
from that of Ref. [181], the final bounds at the LHC happen to be in qualitative
agreement. We also note that our bounds on themA-tanβ plane improve considerably
the one obtained in Ref. [189], in which the pp¯ → φbb¯ → τ+τ−bb¯ production rate
at the Tevatron Run I data was compared to the MSSM prediction. Though, we do
not choose to explicitly present projected results for the Tevatron Run I data, we
encourage our experimental colleagues to pursue this analysis on the existing Run I
data sample, as it seems likely that one could obtain useful information even with the
lower luminosity and collider energy of Run I as well as a somewhat lower b-tagging
efficiency.
Before concluding this subsection, we remark upon the effects on our bounds from
the possible radiative corrections to the φbb¯ production process.7 As mentioned in
Sec. II of Ref. [182], one of the dominant correction is from the next-to-leading order
(NLO) QCD loops, which are not currently available for the φbb¯ signal and background
cross sections. However, aside from the QCD corrections to the φbb¯ vertex (part of
that can be simply included into the running of the φbb¯ Yukawa coupling or the
running b-mass), there are pentagon loops formed by the virtual gluons radiated
from an initial state quark (gluon) and re-absorbed by the final state b quark with
the φbb¯ vertex included in the loop. Such QCD corrections are not factorizable so
that a consistent improvement of our results is impossible before a full NLO QCD
analysis is completed8. Putting aside the complexity of the full NLO QCD corrections,
we briefly comment upon how the radiative corrections to the running φbb¯ Yukawa
coupling affect our final bounds. At the one-loop level, the relation between the pole
7This point has also been recently discussed in Ref. [190].
8Such a full NLO QCD calculation is beyond the scope of our current study. A systematic
calculation for this is in progress [191].
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(a)
(b)
Figure A.6: 95% C.L. exclusion contours in the mA-mh plane of the MSSM. The
shaded areas indicate the excluded regions for the Tevatron Run II with integrated
luminosities, 2, 10, 30 fb−1, and for the LHC with an integrated luminosity of 100
fb−1, as those in the previous figures. LEP II can exclude the area on the left-hand
side of the solid curve in the lower plot.
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Figure A.7: The running of the bottom quark mass mb(µR) as a function of the
renormalization scale µR. The solid curve shows the QCD evolution alone. The
dashed curve further includes the supersymmetric corrections to the “effective” run-
ning mass, for tan β = 30. All soft SUSY breaking parameters have been fixed as
500 GeV. The dotted curve includes the SUSY corrections but with the sign of the
Higgs-mixing parameter µ flipped.
quark mass mpolq and the MS QCD running mass at the scale µ = m
pol
q is:
mq(m
pol
q ) = m
pol
q
[
1 +
4αs(m
pol
q )
3π
]−1
. (A.5)
When running upward to any scale µ,
mq(µ) = mq(m
pol
q )
c [αs(µ)/π]
c
[
αs(m
pol
q )/π
] , (A.6)
where (cf. Ref. [185])
c[x] = (23x/6)12/23 [1 + 1.175x] for mpolb < µ < m
pol
t ,
c(x) = (7x/2)4/7 [1 + 1.398x] for µ > mpolt .
Numerically, mt(m
pol
t ) ≃ 166GeV and mb(mpolt ) ≃ 3GeV. This QCD correction,
Eq. (A.6), alone will reduce the running mass mb(µ) by about 40% from the scale
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µ = mpoleb ≃ 5 GeV up to the weak scale of O(200) GeV (cf. the solid curve of
Fig. A.7). This is however not the full story. The complexity comes from the finite
SUSY threshold correction in the large tanβ region which are potentially large [192,
193, 194]. As shown in Ref. [193], the dominant one-loop SUSY correction contributes
to running b-mass a finite term so that mb(µ) at the SUSY scale µ ≡ µR = Msoft is
multiplied by a constant factor 1/[1 + ∆b(SUSY)] , which appears as a common
factor in the bottom Yukawa couplings of all three neutral Higgs bosons. For large
tan β, ∆b(SUSY) contains the following tanβ-enhanced terms from sbottom-gluino
and stop-chargino loops9,
∆b(SUSY) =
(
∆mb
mb
)b˜g˜
+
(
∆mb
mb
)t˜χ˜
=
−µ tan β
16π2
{
8
3
g23mg˜F (mb˜, mb˜, mg˜) +
[
ytAtF (mt˜, mt˜, µ)− g22M2F (mt˜, m2, µ)
]}
,
(A.7)
with the function F defined as:
F (
√
x,
√
y,
√
z) = −xy ln x/y + yz ln y/z + zx ln z/x
(x− y)(y − z)(z − x) .
In these equations, the MSSM Higgs parameter µ should not be confused with the
usual renormalization scale µR. In (A.7), we have assumed, for simplicity, mass degen-
eracy for the top and bottom squarks, respectively. Eq. (A.7) shows that the SUSY
correction to the running mb is proportional to tanβ and µ. Thus, this correction is
enhanced for large tanβ and non-negligible in comparison with the QCD corrections.
Also changing the sign of µ will vary the sign of the whole correction ∆b(SUSY)
and implies that the SUSY correction can either increase or decrease the running
b-mass at the energy scale around of O(Msoft). Normally, when defining the running
9We thank K. Matchev for discussing his published results in Ref. [193], and to him and
W.A. Bardeen for discussing the issue of the running b-mass. Our convention of the MSSM Higgs
parameter µ differs from that of Ref. [193] by a minus sign.
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coupling using the Collins-Wilczek-Zee (CWZ) scheme [159], only the µR-dependent
contributions are included while all the µR-independent terms are absorbed into the
corresponding Wilson coefficient functions. However, since the µR-independent con-
tribution ∆b(SUSY) is not small for large tanβ and a full NLO SUSY calculation is
not yet available, we include ∆b(SUSY) to define an “effective” running coupling/mass
of b-quark even below the SUSY threshold scale Msoft. This could give a rough esti-
mate on the large SUSY loop corrections from the φ-b-b¯ vertex. Obviously, when µR
is much smaller than Msoft, the CWZ scheme should be used. Hence, in Fig. A.7, we
only show the “effective” running mass mb(µ) down to about 100 GeV which is the
relevant energy scale and the mass scale (∼MHiggs) considered in this work. Fig. A.7
illustrates that due to the SUSY correction the “effective” running b mass at the weak
scale can be either larger or smaller than the SM QCD running value (∼ 3 GeV),
depending on the choice of the sign of µ parameter (and also other soft-breaking
parameters such as the trilinear coupling At and masses of the gluino, gaugino, stop
and sbottom). For the “default” set of SUSY parameters used in our analysis, all
the soft-breaking parameters are set to 500 GeV for simplicity. It happens to be the
case that the SM QCD and SUSY corrections nearly cancel each other so that the
“effective” running mass mb is very close to the pole mass value (∼ 5 GeV) for the
scale above ∼ 100 GeV (cf. upper curve of Fig. A.7). For comparison, in our anal-
ysis using the “LEP II Scan A2” set of SUSY parameters, the SM QCD and SUSY
corrections do not cancel and tend to reduce the “effective” running b-mass or the
Yukawa coupling yb(µ) which results in a weaker bound for the Tevatron Run II and
the LHC, as shown in Fig. A.3b.10 The difference in the exclusion contours shown
in Figs. A.3a and A.3b, derived from the measurement of the φbb¯ production rate at
hadron colliders, is mainly due to the difference in the “effective” running coupling or
10 A detailed analysis of these effects at the Tevatron Run II is currently underway [190].
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mass (including the QCD and SUSY corrections), as described above.11 We therefore
conclude that a full NLO QCD calculation is important for a consistent improvement
of our current analysis.
A.2.3 Interpretation of results for Models of soft breaking
parameters
The MSSM allows for a very general set of soft SUSY-breaking terms and thus is
specified by a large number of free parameters (≃ 124 [179]), though only a com-
plicated subset of this parameter space is consistent with all current experimental
results. It is therefore important to understand the mechanism of supersymmetry
breaking (which presumably occurs at a high energy scale [195]) and to predict the
soft parameters at the weak scale from an underlying model. Many alternative ideas
about how supersymmetry might be broken, and how this will result in the low energy
soft breaking parameters exist in the literature, including the supergravity inspired
(SUGRA) models and gauge-mediated SUSY breaking (GMSB) models. In this sec-
tion we examine the sensitivity of the φbb¯ process to probe a few models of SUSY
breaking, concentrating for the most part on the popular SUGRA and GMSB models.
However, there are also other interesting ideas to which the φbb¯ process may provide
interesting information, because these models naturally prefer a large tanβ. A few
examples include the SO(10) grand unification theories [196] (SO(10) GUTs); the
infrared fixed-point scenario [197]; and also a scenario with compositeness, the “more
minimal supersymmetric SM” [198].
11 From Fig. A.3, it is also clear that, for the LHC bounds, the SUSY correction has much less
impact since the relevant tanβ values become much lower, around of O(2 − 15).
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Supergravity Models with large tan β
The supergravity inspired (SUGRA) models [199] incorporate gravity in a natural
manner, and solve the problem of SUSY breaking through the introduction of a hidden
sector, which breaks SUSY at a very high scale [∼ O(1011) GeV] and interacts with
the MSSM fields only gravitationally. This model offers an exciting glimpse into the
possible connection between the heavy top quark and the EWSB by allowing radiative
breaking of the electroweak symmetry, in which the large top quark Yukawa coupling
can drive one of the Higgs masses negative at energies ∼ mZ . In the limit of large
tan β the bottom and tau Yukawa couplings can also play an important role [200].
Under the assumption that the gravitational interactions are flavor-blind, this
model determines the entire SUSY spectrum in terms of five free parameters (at the
high energy scale of the SUSY breaking) including a common scalar mass (m˜0), a
common gaugino mass (M), a common scalar tri-linear interaction term (A), tanβ,
and the sign of the Higgs mixing parameter (sgn(µ)). The weak scale particle spec-
trum can then be determined by using the renormalization group analysis to run the
sparticle masses from the high scale to the weak scale.
Though large tanβ is not required by the minimal SUGRA model, it can naturally
be accommodated, as demonstrated in [200, 201], where it was found that a large
tan β also generally requires that the pseudoscalar Higgs mass be light (mA ≤ 200
GeV for tan β ≥ 30), because the enhanced b and τ Yukawa couplings act through
the renormalization group equations to reduce the down-type Higgs mass term at
the weak scale, thus resulting in a light Higgs spectrum. Since the importance of
the b and τ effects in the RG analysis increases with larger tan β, as tan β increases
the resulting mA decreases, making the large tan β scenario in the SUGRA model
particularly easy to probe through the φbb¯ process. From the limits on the mA-tanβ
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plane derived above, it thus seems likely that from the data of the Tevatron Run II
with 2 fb−1 of integrated luminosity, a large portion of the minimal SUGRA model
with tan β ≥ 20 may be excluded.
Gauge-mediated SUSY Breaking Models with Large tanβ
Models with GMSB break SUSY at a scale which is typically much lower than that
present in the SUGRA models. The supersymmetry is generally broken in a hidden
sector which directly couples to a set of messenger chiral superfields. This induces a
difference in mass between the fermion and scalar components of the messenger fields,
which in turn generates masses for the gauginos and sfermions of the MSSM fields via
loops involving the ordinary gauge interactions [202, 203]. A generic feature of this
scenario is that because of the relatively low scale of SUSY breaking, the gravitino
acquires a much smaller mass than in the SUGRA scenarios, and is generally the
lightest supersymmetric partner (LSP). While specific models of GMSB vary as to
their assumptions and relevant parameters, generally what must be assumed is the
field content of the messenger sector (including transformation properties under the
gauge group and number of multiplets in the theory) and the scale at which SUSY is
broken in the hidden sector.
The minimal GMSB models can also result in a radiative breaking of the EWSB,
through the renormalization group evolution of the Higgs masses (driven by the large
top Yukawa coupling) from the effective SUSY breaking scale to the weak scale. As in
the SUGRA model case, this evolution can drive the mass term of the up-type Higgs
negative at the weak scale, thus breaking the electroweak symmetry. In fact, because
the effective SUSY breaking scale in a GMSB model is typically much lower than in
the SUGRA model (and thus closer to the weak scale), in order for the proper EWSB
to occur, it was demonstrated in [204] that a large tanβ
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However, because the effective SUSY breaking scale is typically much lower than in
the SUGRA model, the large effects of the b and τ on the Higgs mass running do not
reduce the Higgs spectrum to the degree that occurs in the SUGRA model with large
tan β, and thus result in a heavier A with mass of about 400 GeV. So, this particular
model would only be explored through the φbb¯ process at the LHC. However, more
general analyses of the GMSB scenario [205, 206, 207, 208], introducing more degrees
of freedom in the messenger sector than the minimal model, can allow for large tanβ
and relax mA to be as low as about 200 GeV. Thus, through the φbb¯ production these
more general models can be first probed at the Tevatron for the relevant mass range,
and then largely explored at the LHC.
A.3 Conclusions
It remains a challenging task to determine the underlying dynamics of the electroweak
symmetry breaking and the flavor symmetry breaking. Either fundamental or com-
posite Higgs boson(s) may play a central role in the mass generation of the weak
gauge bosons and the fermions. The heavy top quark, with a mass on the same order
as the scale of the electroweak symmetry breaking, suggests that the top quark may
play a special role in the mechanism of mass generation. In this work, we have shown
that in the typical models of this type, the bottom quark, as the weak isospin partner
of the top quark, can also participate in the dynamics of mass generation, and serves
as an effective probe of the possible new physics associated with the Higgs and top
sectors.
We have presented a model-independent analysis on Higgs boson production in
association with bottom quarks, via the reaction pp¯/pp→ φbb¯→ bb¯bb¯, at the Tevatron
Run II and the LHC. Using the complete tree level calculation with an estimated
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QCD k-factor of 2, we derive the exclusion contour for the enhancement factor (in
the coupling of φbb¯ relative to that of the SM) versus the Higgs mass mφ at the
95% C.L., assuming a signal is not found.
We apply these results to analyze the constraints on the parameter space of the
MSSM (in the large tan β region) with naturally large bottom Yukawa couplings. To
confirm the MSSM, it is necessary to detect all the predicted neutral Higgs bosons
h, H, A and the charged scalars H±. From LEP II, depending on the choice of the
MSSM soft-breaking parameters, the current 95% C.L. bounds on the masses of the
MSSM Higgs bosons are about 70 GeV for both the CP -even scalar h and the CP -
odd scalar A [209]. It can be improved at LEP II with higher luminosity and maximal
energy, but the bounds on the Higgs masses will not be much larger than ∼ mZ for
an arbitrary tanβ value. The Wh and WH associated production at the Tevatron
Run II can further improve these bounds, if a signal is not observed. At the LHC,
a large portion of parameter space can be tested via pp → tt¯ + h(→ γγ) + X, and
pp → h(→ ZZ∗) +X, etc. [210, 211]. A future high energy e+e− collider will fully
test the MSSM Higgs sector [212, 213] through the reactions e+e− → Z + h(H), A+
h(H), H+H−, etc. In this work, we demonstrate that studying the φbb¯ channel
at hadron colliders can further improve our knowledge on MSSM. The exclusion
contours on the mA-tanβ plane of the MSSM shows that the Tevatron and the LHC
are sensitive to a large portion of the parameter space via this mode. It therefore
provides a complementary probe of the MSSM Higgs sector in comparison with that
from LEP II. The implications of these bounds in the parameter space on both the
supergravity and the gauge-mediated SUSY breaking models are further discussed.
We find that the φbb¯ process can effectively test the models with either scheme of the
SUSY soft-breaking in the large tanβ scenario.
In conclusion, the stringent constraints obtained by studying the associated φbb¯
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production at hadron colliders for the supersymmetric models show the utility of this
search mode. However, much work remains to be done. For example, we have found
that a b-trigger is essential for this analysis. In fact, the CDF group at the Fermilab
has demonstrated that it is possible to detect events with four or more jets and two
or more b-tags [214], which can significantly be improved with the implementation
of b-trigger at the Run II of the Tevatron [215]. However, the large QCD 4-jet
background rate at the LHC can potentially make triggering on the bb¯φ(→ bb¯) events
difficult, though it is expected that b-trigger would becomes more efficient for a heavier
(pseudo-)scalar φ. (This is because the b-jets from the decay of a heavier φ are more
energetic, and its QCD background rate drops rapidly as a function of the transverse
momentum of the triggered jet.) We hope that the interesting results afforded by
studying this channel will stimulate interest in working on these problems in our
experimental colleagues.
We have found that the φbb¯ process complements Higgs searches in other channels,
and thus it is expected that experimental searches for this signature at the Tevatron
Run II (and possibly beyond) and the CERN LHC will provide interesting and im-
portant information about the mechanism of the electroweak symmetry breaking and
the fermion mass generation.
Appendix B
“Intrinsic kT” and Soft Gluon
Resummation
B.1 Introduction
For many years, it has been a common practice to “smear” the transverse momentum
(pT ) distribution of the Drell-Yan pairs or the direct photons calculated in perturba-
tive QCD to obtain a better agreement between the theoretical predictions and the
experimental data. The argument of smearing the pT distribution is that any parton
inside a hadron generally has a non-zero transverse momentum which is called the
“intrinsic transverse momentum” (or “intrinsic kT”) of the parton. The concept of
intrinsic transverse momentum evolved in the literature from the covariant parton
model of Landshoff, Polkinghorne and Short [216] to the kT dependent parton dis-
tributions of Collins and Soper [217]. Intrinsic kT emerges from the Fermi motion of
partons within the hadron. Since the Fermi motion is uncorrelated with the direction
of the acceleration, it leads to momentum fluctuations in the transverse directions.
By definition, this ab initio transverse momentum has a non-perturbative nature and
typically is of the order of ΛQCD, i.e. a few hundred MeV. It was however found
that the amount of “smearing” needed to make the theoretical prediction of the pT
distribution agree with data in some cases could be as large as a few GeV which
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is much larger than ΛQCD. To understand this, we need the full armory of QCD
including both the perturbative and the non-perturbative part. In the low pT re-
gion, which is the region where a perturbative calculation will deviate the most from
experimental data, one needs to take into account the effects of multiple (soft and
collinear) gluon radiation from both the initial and the final states. For extremely low
pT regions, the non-perturbative effects of the QCD theory, e.g. effects due to higher
twist operators, should also be included when comparing with the measurements. In
this work we make use of the soft gluon resummation formalism developed by Collins
and Soper to estimate the amount of smearing needed to apply onto a perturbative
QCD calculation so that its prediction would agrees with that from a resummation
calculation.
For the Drell-Yan process, in which only the initial state involves QCD colors,
Collins, Soper and Sterman (CSS) gave a set of comprehensive formula to account
for the effects on the pT distribution of the lepton pair due to the multiple soft (and
collinear) gluon emissions in the initial state. In the CSS formalism, the perturbative
part of the multiple gluon radiation effects is summarized by the perturbative Sudakov
form factor and some Wilson coefficients (i.e. C-functions); the non-perturbative
part of QCD physics which is relevant to the low pT distribution is parametrized
by some non-perturbative functions which at the present time can only be fitted
to some existing Drell-Yan data. The moral is that if the CSS formalism is the
correct parametrization of the multiple gluon effects, then the same form of the non-
perturbative functions (fitted to particular sets of data) should also be applied to the
other Drell-Yan data at different energies of the colliders and/or invariant masses of
the lepton pairs.
The effects due to initial state gluon radiations should be universal to any pro-
cess involving the same kinds of incoming partons with similar QCD color structures
221
in the events. As we saw earlier, the CSS formalism describes well the transverse
momentum distribution of W±, Z-bosons and diphotons at the Tevatron. Although
the direct photon process does not have the same kinds of incoming partons or color
structures as those contributing to the Drell-Yan process, we expect that the dom-
inant effects on the low pT distribution of the direct photon would come from the
initial state radiation whose non-perturbative contributions are more or less the same
as those measured in the Drell-Yan process. As far as we know, there is no proof
for this statement. It is only our educated guess that the non-perturbative behavior
of the partons inside a hadron would be similar. Of course, the calculable perturba-
tive Sudakov form factors would distinguish an initial gluon parton from an initial
quark (or anti-quark) parton, and should be properly included in the CSS formalism
for calculating the pT distributions. Although we lack theoretical proof, there are
indications from phenomenology which seem to confirm the need of the resummation
of the initial state QCD radiation for the direct photon process for low pT . Monte
Carlo simulations (using Bauer-Reno’s MC or PYTHIA) indicate that initial state
radiation improves the finite order QCD results. There are also efforts to derive CSS
type formulas with partial success.
In this work, we do not intend to do a complete calculation on the pT distribu-
tion of the direct photon using the CSS formalism, which as described in the above,
involves both the perturbative Sudakov form factor and the non-perturbative func-
tions. We only apply the non-perturbative part of the CSS formalism to explain the
amount of pT -smearing needed to make a “smeared” next-to-leading order (NLO)
QCD perturbative calculation agree with the experimental data of the direct photon
in its transverse momentum distribution. We show that for the low energy fixed-
target experiments, the non-perturbative part of the CSS resummation formalism
alone can explain the required amount of low-pT -smearing. However, to explain the
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high energy collider data, such as those at the Tevatron, the perturbative part of the
Sudakov form factor should also be included in the calculation. We defer the complete
calculation, which separately includes the effects from the perturbative Sudakov form
factor associated with qq (qq¯) or gq (gq¯) initiated direct photon production processes,
to our future work.
B.2 Smearing pT Distributions of Direct Photons
In this section we show that it is possible to resolve the discrepancy between
the theoretical prediction and the experimental data of the pT distribution of the
direct photon measured in fixed target experiments. This is achieved by applying
the CSS resummation formalism and by including only the contribution from the
non-perturbative functions of the formalism, which (in the direct photon context)
has just one free parameter to be determined by experimental data. Our approach
is to assume the approximative universality (i.e. insensitivity to the flavors of the
active partons) of the non-perturbative function in the CSS resummation. Hence, the
same non-perturbative function that is used to describe the Drell-Yan process can
also be used for the direct photon production to improve the next-to-leading order
predictions. What follows in this section is rather intuitive and is not backed up by
full theoretical understanding or precise calculations.
It is a fact that the transverse momentum distribution of the photons produced
directly at hadron-hadron collisions deviates systematically from the experimental
measurement. The NLO QCD calculations [218] give less steep curves than the ex-
perimental data. A recent global analysis of the problem [219], examining both fixed
target and collider experiments, concluded that neither new parton distributions nor
new fragmentation functions can resolve the problem, since the deviation occurs at
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different x values in experiments with different energies. In the above study the au-
thors also exclude the possibility that the deviation can be entirely accounted for the
scale choice in the calculations.
It was shown in Ref. [219] that convoluting the theoretical pT distribution with a
Gaussian resolution function can raise the cross section at the low pT end so that it
agrees with the experimental data better. This is because smearing a falling distribu-
tion by a Gaussian can steepen its original shape. Writing the smeared pT distribution
as
dσ
dpT
=
1
∆
√
π/2
∫ ∞
−∞
dp′T
dσNLO
dp′T
e−(pT−p
′
T
)2/2∆2 (B.1)
defines ∆ as the quantitative measure of the smearing. The amount of the smearing
needed differs for different center of mass energies (see the first and second columns
of Table B.1).
There are several puzzling details here. First, there is no theoretical reason to
introduce an ad hoc smearing of the NLO results. Secondly, the amount of the
intrinsic kT that the partons acquire because of the Fermi motion within the hadron
is in the order of ΛQCD, which is a few hundred MeV. The amount of smearing that
brings theory and experiment to agreement is more than that. Finally, even if one
invents a mechanism to introduce some type of a smearing, one has to find a smearing
function that has a dependence on S which is the square of the center of mass energy
of the hadron-hadron collision, and make sure that the smearing does not ruin the
agreement at higher pT ’s.
To overcome all the above difficulties we propose the application of the non-
perturbative function of the CSS resummation as a smearing device. This simple
idea seems to be plausible because the non-perturbative function has a Gaussian
form and depends on the center of mass energy of the process. Although we do not
224
Experiment
√
S (GeV) ∆ (GeV)
√
2G(Q,Q0) (GeV)
WA70 23 <∼ 1 1.0
UA6 24 <∼ 1 1.1
E706 31 1-2 1.2
R806 63 2-3 1.5
UA2 630 3-4 2.2
CDF 1800 3-4 2.5
Table B.1: The amount of the smearing needed and the amount provided by the
non-perturbative function to make theory agree with experiment for different direct
photon experiments. Values of ∆ are taken from Ref. [4].
have a proof, after noticing that the non-perturbative function acts like a smearing
factor at the Drell-Yan process (for details see the next section), we may as well try
it at the direct photon process.
The non-perturbative function is usually parametrized in a simple Gaussian form:
WNP (QT , Q,Q0) =
1
2G2(Q,Q0)
exp
{
−Q2T /4G2(Q,Q0)
}
, (B.2)
with G2(Q,Q0) = g1 + g2 ln(Q/2Q0), g1 = 0.11GeV
2, g2 = 0.58GeV
2 and Q0 =
1.6GeV. We can easily check whether the amount of the smearing from the non-
perturbative function comes close to what phenomenology demands. First we sub-
stitute
√
Sx2 for Q in G2(Q,Q0). This substitution is inspired by the relation
Q =
√
SxAxB =
√
sˆ that holds in the case of the Drell-Yan process, with
√
S be-
ing the center of mass energy of the colliding hadrons, and xA, xB the longitudinal
momentum fractions of the incoming partons. Since these latter quantities are not
measured at the direct photon production we take x as a free parameter and let
data determine its value. The best fit to the fixed target experimental data gives
x = 0.3. Now we can calculate the numerical value of G2(Q,Q0) for the six different
experiment. The results are shown in the last column of Table B.1.
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We see at first sight that the non-perturbative function provides about the right
amount of smearing needed to bring the theory prediction and the experimental data
in a better agreement. Examining Table B.1 more closely, we observe that the smear-
ing from the non-perturbative function falls short as the center of mass energy of the
collider increases. Hence, for the fixed target experiments at a higher energy and for
the collider experiments, the contribution from the non-perturbative function alone
cannot account for all the amount of smearing needed.
This can also be seen from Fig. B.1. Substituting the non-perturbative function
into the convolution equation (B.1), the theoretical distributions can be rendered
close to the experimental ones as it is shown in Fig. B.1. (Among the fixed target
experiments, UA6 pp data are not shown, but they have the same characteristics as
UA6 pp data.) The NLO QCD curve is shown in short dashes. The long dashed curve
is the convolution of the theory with the non-perturbative function. As anticipated,
the agreement between the data and the theoretical prediction improves in low the
pT region after including the smearing effects for all the low energy fixed target
experiments. However, the convolution (i.e. the pT -smearing) is less effective for the
collider data (not shown). As discussed above, at collider energies the perturbative
Sudakov form factor arising from resumming over the large logs which are due to the
initial state radiation will be important besides the non-perturbative effects, and it
is not included in the present study.
In conclusion, the above results suggest that there is an important similarity be-
tween the Drell-Yan and the direct photon processes. The roots of this correspondence
are found in the initial state radiation, which is present in both cases.
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Figure B.1: Experiment numbers are listed at the top of each plot. Short dashed line:
NLO transverse momentum distribution. Long dashed line: NLO theory convoluted
with the Fourier transform of the non-perturbative function used in the Drell-Yan
resummation formalism.
B.3 pT -Smearing and Soft gluon Resummation
In this section we demonstrate that “pT -smearing” naturally arises within the
resummation formalism of Collins, Soper and Sterman [44, 45, 46]. It is the same
type of smearing that is needed to make the theoretical prediction agree with the
experimental data in pT distribution of the direct photon produced in fixed target
experiments.
The canonical example of the CSS formalism is the hadronic production of elec-
troweak vector bosons. In the Drell-Yan type of process the kinematical variables of
the vector boson V (real or virtual) are selected to be its invariant mass Q, rapidity
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y, transverse momentum QT , and azimuthal angle φV , measured in the laboratory
frame. The kinematics of the leptons from the decay of the vector boson can be de-
scribed by the polar angle θ and the azimuthal angle φ, defined in the Collins-Soper
frame [52]. The fully differential cross section of the vector boson production and
decay is given by the resummation formula:(
dσ(AB → V (→ ll¯′)X)
dQ2 dy dQ2T dφV d cos θ dφ
)
res
=
1
96π2S
Q2
(Q2 −M2V )2 +M2V Γ2V
×
{
1
(2π)2
∫
d2b ei
~QT ·~b ∑
j,k
W˜jk(b∗, Q, xA, xB, θ, φ)WNPjk (b, Q, xA, xB)
+ Y (QT , Q, xA, xB, θ, φ)
}
. (B.3)
Here
W˜jk(b, Q, xA, xB, θ, φ) = w˜jk(xA, xB, θ, φ) exp {−S(b, Q)}, (B.4)
with the Sudakov exponent
S(b, Q) =
∫ Q2
b2
0
/b2
dµ¯2
µ¯2
[
ln
(
Q2
µ¯2
)
A(αs(µ¯)) +B(αs(µ¯))
]
, (B.5)
and xA,B =
√
Q exp (±y). In the above expressions j represents quark flavors and k¯
stands for anti-quark flavors. The definition of w˜ together with further details can be
found in Chapter 2.
In Eq. (B.3), the impact parameter b is to be integrated from 0 to∞. However, for
b larger than a certain bmax, corresponding to energy scales less than 1/bmax, the QCD
coupling αs becomes so large that a perturbative calculation is no longer reliable. To
avoid this, W˜ is evaluated at b∗, with
b∗ =
b√
1 + (b/bmax)2
(B.6)
such that b∗ never exceeds bmax. Thus bmax is the theoretical scale that separates
perturbative and non-perturbative physics in the resummation formalism. Just like
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other theoretical scales (e.g. renormalization or factorization scales), bmax defines a
somewhat arbitrary separation. Choosing bmax = 1/2 GeV
−1 (as usual) instead of
1/ΛQCD shuffles parts of the low QT perturbative physics related to the initial state
radiation into the non-perturbative function. Thus the non-perturbative function
contains more than just the intrinsic partonic kT . W
NP is needed in the formalism
in order to suppress the contribution of W˜jk from the large b (small QT ) region and
to parametrize our ignorance of the non-perturbative phenomenon there. Further-
more, since physics cannot depend on bmax, W
NP carries an implicit bmax dependence
through the non-perturbative parameters gi defined below. Generally W
NP has the
structure
WNPjk (b, Q,Q0, xA, xB) = exp
{
−SNP (b, Q,Q0, xA, xB)
}
, (B.7)
with the non-perturbative exponent
SNP (b, Q,Q0, xA, xB) = h1(b) ln
(
Q2
Q2
0
)
+ hj/A(xA, b) + hk¯/B(xB, b). (B.8)
Here h1, hj/A and hk¯/B cannot be calculated using perturbation theory, they must
be determined using experimental data. The form of the non-perturbative exponent
SNP is inspired by the form of the Sudakov form factor which in turn is derived by
renormalization group arguments discussed in Chapter 2. Since for large values of
the impact parameter the non-perturbative function has to cancel the contribution
of W˜ , the structure of the non-perturbative exponent is determined by the Sudakov
exponent, that is, by perturbative resummation physics.
We restrict our attention to the small QT region, where resummation effects may
be important and are detectable. In the Q2T ≪ Q2 region the Y -term in Eq. (B.3) is
negligible. Dropping the Y piece and rewriting W˜jk in a form of a Fourier transform
1
1 We use the same symbol for the Fourier transformed function, and we distinguish the Fourier
transformed quantity only by displaying the different argument.
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we obtain(
dσ(AB → V (→ ll¯′)X)
dQ2 dy dQ2T dφV d cos θ dφ
)
res−Y
=
1
96π2S
Q2
(Q2 −M2V )2 +M2V Γ2V
×
{
1
(2π)2
∫
d2b ei
~QT ·~b ∑
j,k
(
1
2π
∫
d2Q′T e
−i ~Q′
T
·~b W˜jk(Q′T , Q, xA, xB, θ, φ)
)
× WNPjk (b, Q, xA, xB)
}
(B.9)
The b integral can formally be carried out, resulting in the appearance of the inverse
Fourier transform of the non-perturbative function. Introducing the convolution no-
tation for the remaining integral, the first part of the resummation formula in QT
space simplifies to(
dσ(AB → V (→ ll¯′)X)
dQ2 dy dQ2T dφV d cos θ dφ
)
res−Y
=
1
96π2S
Q2
(Q2 −M2V )2 +M2V Γ2V
× 1
(2π)2
(
W˜jk ⊗ WNPjk
)
(QT , Q, xA, xB, θ, φ) (B.10)
where ⊗ denotes the convolution and is defined by
(
W˜jk ⊗ WNPjk
)
(QT , Q, xA, xB, θ, φ) =∑
j,k
∫
d2Q′T W˜jk(Q
′
T , Q, xA, xB, θ, φ)W
NP
jk (QT −Q′T , Q, xA, xB). (B.11)
Eq. (B.10) expresses that the resummed cross section at low QT region is given by
the convolution of the exponentiated singular part of the hard scattering cross section
with the non-perturbative function. It can be viewed as if the hard cross section were
smeared by the non-perturbative function.
The non-perturbative function is approximated with the flavor independent, Gaus-
sian parametrization [73, 72]
SNP (b, Q,Q0, xA, xB) = G1(xA, xB)b+G2(Q,Q0)b
2 with
G1 = g1g3 ln (100xAxB) and G2 = g1 + g2 ln
(
Q
2Q0
)
(B.12)
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Recent analysis gives g1 = 0.11GeV
2, g2 = 0.58GeV
2 , g3 = −1.5GeV−1 and Q0 =
1.6GeV [73]. The Fourier transform of the above non-perturbative function (for
simplicity taken without the linear term) is
WNP (QT , Q,Q0) =
1
2G2(Q,Q0)
exp
{
−Q2T /4G2(Q,Q0)
}
. (B.13)
This is the form that we used to smear the direct photon NLO distribution.
The resummation formula (B.10) indicates that the effect of resumming the initial
state soft gluon radiations is twofold. First, it exponentiates contributions that are
singular as QT → 0 and therefore contain large logs (ln(Q/QT )) of the finite order
cross section, into the Sudakov form factor exp(−S). Second, it smears the above
perturbative Sudakov form factor with the non-perturbative function WNP . The
amount of the smearing provided by the non-perturbative function is larger than the
amount of the intrinsic kT because the non-perturbative function contains parts of the
perturbative multiple soft gluon emission effects in the low QT region. Note that the
separation between the perturbative Sudakov form factor and the non-perturbative
function depends on the arbitrary parameter bmax used in the CSS formalism. Hence,
the non-perturbative function also contains some perturbative physics.
We expect a similar underlying mechanism of the initial state radiation to be
present in the direct photon process. That would alter the shape of the transverse
momentum distribution of the direct photon in the low pT region. This is proven in
the agreement between the experimental data and the predicted low-pT distribution
after including the smearing effects due to the non-perturbative part of the CSS
resummation formalism. For the direct photon process, however, the color flow of
the initial state partons is different from that for the Drell-Yan process. This slightly
complicates the above resummation results and affects the non-perturbative function
given above. Even though, for example, the value of the gi parameters may change,
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the form of the non-perturbative function should be the same. Our phenomenological
parameter x partly accounts for these changes.
At low energies, due to lack of phase space, the multi gluon initial state radiation
is suppressed. Mathematically this means that the contribution of the perturbative
Sudakov form factor is less important. In the low energy region, expansion of W˜ in
term of αs can be approximated by the first few terms, since ln(Q/QT ) will not be
large. (The two characteristic scales QT and Q are of the same order in magnitude.)
The first few terms in the expansion of W˜ are the singular parts of the fixed order cross
section, which dominate the low QT behavior. In the CSS resummation formalism,
this singular part is smeared by the non-perturbative function. This suggests that
one can improve the theoretical prediction of a fixed order perturbative calculation at
the low pT region by smearing it with the non-perturbative function described above.
This is indeed what we see in Table 1 for low energy fixed target data.
According to the resummation formula (B.3) the effect of the non-perturbative
function on W˜ is larger at the low QT (large b) end. As QT increases (b decreases) the
non-perturbative function approaches unity. The Sudakov form factor, on the other
hand, increases its contribution with increasing QT (decreasing b), which becomes
evident after expanding it in αs:
S(b, Q) =
αs
π
ln
(
bQ
b0
)[
A1 ln
(
bQ
b0
)
+B1
]
+O(α2s). (B.14)
This means that at higher direct photon pT region the effect of the Sudakov factor
would also be important. This effect might just cancel the smearing effect of the non-
perturbative function leaving the higher pT data virtually unchanged, which would
explain why kT smearing has to be performed only in the lowest pT regions.
For data from experiments with higher center of mass energies, the initial state
multiple gluon radiation effects are important. This also means that the perturbative
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Sudakov form factor is important. In this case, the full resummation calculations
should be carried out to describe the pT distribution of the direct photon produced
at high energy hadron colliders, such as the Tevatron. For a rough estimate of the
effect of a Sudakov type of form factor at high energy direct photon experiments
we turn to the resummation formula again. We observe that writing (B.3) into a
form of a convolution can be repeated grouping terms in a slightly different way.
Taking the Sudakov factor out from W˜ and putting it into WNP , the argument
that leads to the convolution form (B.10) can be repeated without a change. Now
that the smearing function contains the Sudakov part we ask the question, whether
this effective smearing function has a broader width, that is whether it provides an
additional smearing what the collider experiments need. To answer this we have to
evaluate the (two dimensional) Fourier transform of the non-perturbative function
multiplied with the Sudakov factor evaluated at b∗. The simplest way of doing this
is to perform the integrations numerically. The result agrees with our expectations.
The effective smearing function has an approximate Gaussian shape and a width
∆eff larger than of the non-perturbative function, with the increase depending on
the center of mass energy. We can interpret this result as an indication that the
missing pT smearing may well come from the Sudakov form factor.
To further illustrate the power of the Fourier transformed form of the resumma-
tion formula, we attempt some simple estimates on observables that are related to
the transverse momentum of the W -boson in hadron collisions. Consider the average
transverse momentum 〈QT 〉 of the weak vector boson produced in hadron collisions.
Inserting the Fourier transform (B.13) of the non-perturbative function into formula
(B.10) the only QT dependence of the right hand side comes from the exponential
term of the non-perturbative function exp(−(QT −Q′T )2/4G). Since the largest con-
tribution in the Q′T integral comes from the region where Q
′
T ∼ QT we approximate
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Figure B.2: a) The invariant mass versus the average W± boson transverse momen-
tum in the resummed calculation. b) The center of mass energy versus the average
W± boson transverse momentum in the resummed calculation.
the Q′T
2 term by Q2T . To calculate the average transverse momentum we make use of
the integral
∫ +∞
0
dQ′T Q
′
T exp {Q′TQT /2G2} =
4G22
Q2T
. (B.15)
Under the above approximations we obtain that the average QT is proportional to
G2(Q,Q0). (A more elaborate numerical calculation supports this.) The result is
given on Fig. B.2a. We find that the average QT grows as log of Q.
Using the first order equality Q =
√
SxAxB we can obtain a similar conclusion for
the dependence of the average transverse momentum on the center of mass energy
of the hadron colliders. Of course, the S dependence will not be purely logarithmic,
since W˜jk (and a more thorough parametrization of the non-perturbative function)
makes it more complicated. Nevertheless, as Fig. B.2b shows, even the S dependence
of 〈QT 〉 is not very far from being logarithmic. This result differs from what one would
infer from a finite order perturbative calculation which would predict that 〈QT 〉 is
proportional to Ecm =
√
S.
In conclusion, we have shown that the discrepancy between the theoretical pre-
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diction and the experimental data of the pT distribution of the direct photon can be
resolved for the fixed target experiments after smearing the NLO calculation by the
non-perturbative function that is suggested by the CSS resummation formalism. To
improve the phenomenological method described in this work for high energy collider
experiments, one needs to include the effects on pT distribution of direct photons from
the perturbative Sudakov form factor in the CSS resummation formalism.
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